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Abstract. Using the machinery provided by a Frobenius algebra we show how 
the antipode of a quasi-Hopf algebra H carries out left or right cointegrals for 
H . These formulas will allow us to find out the explicit form of a integral and 
a cointegral for the quantum double D(H) of H in terms of those of H, and so 
to answer to a conjecture of Hausser and Nill raised at the end of the nineties. 



1. Introduction 

The main aim of this paper is to give an answer to the following conjecture raised 
by Hausser and Nill in [llj : if A is a non-zero left cointegral on a finite dimensional 
quasi-Hopf algebra H and r is a non-zero right integral in H then (3^X x r is a 
non-zero left integral in the quantum double D{H) of H , at least if H is unimodular; 
moreover, D{H) is always a unimodular quasi-Hopf algebra. Here /? and a are the 
distinguished elements of H that appear in the definition of the antipode S of H . 

It was shown in [H Theorem 6.5] that the Drinfeld double D{H) is unimodular. 
This goes in two steps: first it is shown that D{H) is a factorizable quasi-Hopf alge- 
bra, and then it is shown that every factorizable quasi-Hopf algebra is unimodular. 
A categorical version of this result was given in [5] , where it was shown that a fac- 
torizable braided tensor category is unimodular. Anyway, in the quasi-Hopf algebra 
case this braided monoidal approach was necessary because an explicit description 
of an integral in D{H) was not available at that time. We will provide such a de- 
sciption: we will show that ^~^{5^)5^^X n r is a left and right integral in D{H), 
where is the modular element of H* and 5^ ^ is an element oi H ®H that was 
defined by Drinfeld in [^. When H is unimodular we have that n~'^{5^)5^ — /3, and 
therefore the conjecture of Hausser and Nill is true in this case. Furthermore, using 
the Maschke theorem from [16] we obtain that D{H) is semisimple if and only if 
H is semisimple and admits a normalized left cointegral, that is a left cointegral A 
on H satisfying X{S~^{a)P) ^ 0. This improves [TTl Corollary 8.3]. Furthermore, 
we will describe explicitly the form of a left or right cointegral on D{H) in terms 
of certain integrals and cointegrals for H , and then it will come out that D{H) 
has a normalized left cointegral if and only if H is semisimple and H has a left 
normalized cointegral, if and only if D{H) is a semisimple algebra. In particular, 
this gives a partial answer to a conjecture in [S]. 

A first question that we will deal with is the following: what is the appropriate 
notion of a right cointegral on HI In classical Hopf algebra theory, this is a left coin- 
tegral on i/™P or iJoP't^op^ the opposite, respectively the opposite, co-opposite Hopf 
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algebra associated to H. However, if is a quasi-Hopf algebra, then the notions of 
left cointegral on H'^°^ and H°P''^°p are different, and we have to decide which choice 
is the appropriate one. We have chosen the "cop" -version, motivated on one hand 
by a result of Pareigis [15] that was recently actualized by Schauenburg [l^, and 
on the other hand by explicit formulas that we obtained in Proposition 13.21 This 
allows easy characterizations for an element of H* to be a left or right cointegral 
on H. Roughly speaking, these characterizations tell us that it suffices to check the 
definining condition of a cointegral on a non-zero left integral in H, rather than 
on all elements of H. As an application, we are able to compute the space of left 
cointegrals of H{2) and H±{8), two quasi-Hopf algebras that have been introduced 

C and TZ, the spaces of left and right cointegrals on H , are one-dimensional, 
and therefore isomorphic. In Sectional we construct explicit isomorphisms, using 
the antipode S of H* or its inverse. We use techniques coming from the theory of 
Frobenius algebras, as developed in [Tallin]. The results can be applied to compute 
the space of right cointegrals on the quasi-Hopf algebras H{2) and H± (8); moreover, 
we find some new formulas for the fourth power of the antipode of H in the case 
where C = TZ. The images of left and right integrals in H under the antipode and 
its inverse will be presented in Proposition l4.12l Our final result is a description of 
the modular elements of D{H) and D{H)* in terms of the modular elements of H 
and H*. 

We end our introduction with a philosophical note. Although the definition 
of quasi-Hopf algebras is - essentially - very natural, the explicit formulas and 
computations are often quite technical. In order to streamline the storyline of this 
paper, we therefore have decided to move some of the more technical computations 
to an appendix. Section [51 



2. Preliminary results 

We work over a commutative field k. All algebras, linear spaces etc. will be over 
k] unadorned (g) means ®k- Following Drinfcld [6 , a quasi-bialgebra is a four-tuple 
(i/. A, e, $) where H is an associative algebra with unit, $ is an invertible element 
in H (g) H H, and A : H H ® H and e : H ^ k are algebra homomorphisms 
satisfying the identities 

(2.1) {Uh ® A)(A(/i)) = $(A ® Idff)(A(;i))$-\ 

(2.2) (Idff ® e)(A(/i)) = /i , {e® Idjf)(A(/i)) = /i, 

for all h H, and <& has to be a 3-cocycle, in the sense that 

(1 (g) $)(Idff «) A (g) IdH)($)($ <g) 1) 

(2.3) = {Mh (E) Uh eg) A)($)(A g) IdH g) IdH)(i>), 

(2.4) (Idg)e(gldif)($) = lg)l. 

The map A is called the coproduct or the comultiplication, e the counit and i> the 
reassociator. As for Hopf algebras we denote A{h) = /ii g) /12, but since A is only 
quasi-coassociative we adopt the further convention (summation understood): 

(A g) Idif)(A(/l)) = (g /l(i,2) ® h2 , {Uh g) A)(A(/l)) = /li ® h^2,l) ® /l(2,2), 

for all h E H . We will denote the tensor components of $ by capital letters, and 
the ones of <I>^^ by small letters, namely 

$ = a:^ g) a:^ g) a:^ = (g (g = g) ^ y3 = • • • 
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of 
the algebra H and elements a, P G H such that, for all h G H, we have: 

(2.5) S{hi)ah2 = e{h)a and /ii/35(/i2) = e(/i)/3, 

(2.6) X^(3S{X'^)aX^ = 1 and S{x^)ax^ (3S{x^) = 1. 

Our definition of a quasi-Hopf algebra is different from the one given by Drinfeld 
[B] in the sense that we do not require the antipode to be bijective. In the case 
where H is finite dimensional or quasi-triangular, bijectivity of the antipode follows 
from the other axioms, see |2^ and 3 , so that both definitions coincide. 

For later use, we now recall some examples of quasi-Hopf algebras; they appeared 
for the first time in [7], and can be considered as the first explicit examples of 
quasi-Hopf algebras. The integral and cointegral theory that we will develop will 
be applied to these examples. 

Example 2.1. For k a field of charactheristic different from 2 let H{2) be the two- 
dimensional Hopf group algebra generated by the grouplike element g such that 
5^ = 1. Since H{2) is commutative it can be also viewed as a quasi-Hopf algebra 
with reassociator $ = 1 — 2p^ ®p- ®P-, and antipode defined by S{g) = g and 
distinguished elements a = g and (3 = 1. Here p_ = i(l — g). 

Example 2.2. Consider k a field that contains a primitive fourth root of unit i 
(in particular, the characteristic of k is not 2). Let H±{8) be the unital algebra 
generated by g, x with relations 5^ = 1, a;^ = and gx = ~xg^ and endowed with 
the (non-coassociative) coalgebra structure given by the formulas 

^(5) ^ 9® 9, ^(5) = I7 ^{x) = X® {p+ ± ip-) + 1 ®p+x + g®p^x, e{x) = 0, 
where p± = ^(1 ± 17). Then i?±(8) are 8-dimensional quasi-Hopf algebras with 
reassociator $ = 1 — 2p_ ® p- ®p-, antipode defined by S{g) = g and ^(a;) = 
—x{p+ ± ip-), and distinguished elements a = g and /? = 1. 

More examples of quasi-Hopf algebras can be obtained by considering the op- 
posite or coopposite construction. More precisely, ii H = (iJ, A, e, $, 5', a, /3) is a 
quasi-bialgebra or a quasi-Hopf algebra then iJ°P, H'^°p and H°P''^°p are also quasi- 
bialgebras (respectively quasi-Hopf algebras), where "op" means opposite multipli- 
cation and "cop" means opposite comultiplication. The structure maps are given 

by $op = $cop = $op,cop = Sop = S-cop = (5op,cop)-^ = S-\ 

Q!op = '5'"^(^), ^op = S^^{a), acop = S^'^{a), /3cop = S^^{l3), aop,cop = P and 

op, cop — 

The axioms of a quasi-Hopf algebra imply that eoS = e and e{a)e{f3) = 1, so, by 
rescaling a and /?, we can assume without loss of generality that e{a) = e(/3) = 1. 
The identities (|2. 2112. 41) also imply that 

(2.7) (e (g) Uh ® Id/i-)($) = {Uh <E> Uh ® £)($) = 10 1. 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. 
For a quasi-Hopf algebra, we have the following statement: there exists an invertible 
element f = ® P G H ® H , called the Drinfeld twist or gauge transformation, 
such that e{f^)P = e{P)p = 1 and 

(2.8) /A(5(/^))/-i = {S® ^)(A™P(/^)), 

for all h E H. f can be described explicitl y: first we define 7, (5 G 7J eg) iJ by 

(2.9) 7 = S{x^X^)ax^Xf ® S{X^)ax^ Xl^^S{X^xl)aX^x^ ® S{X^x\)ax\ 

(2.10) 5 = Xlx^/SSiX"^) ® X^x^l3S{X^x'^)^^^^x^(3S{xlX^) x^ X^ l3S{xlX^). 
With this notation / and /^^ are given by the formulas 

(2.11) / = iS^S)iA°Pix')hAix^(3S{x')), 
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(2.12) = A(S'(xi)ax2)5(5(g)S')(A™P(x3)). 
Moreover, / satisfies the following relations: 

(2.13) /A(a) = 7 , A(/?)/-i = <5, 

(2.14) fX^ ® F^f?X^ ® F^f^X^ = S{X^)f^F^ (g) S{X^)fF^ ® S{X^)F'^, 

(2.15) g^S{g^a) = /? , S{pf^)f = a , /i/35(/2) = 5(a), 

where we have denoted f = ® p ^ F^^ ® F"^ and f^^ — ® as elements in 
H ® H . The proof of these equations can be found in 6 and [1, Lemma 2.6]. 

We will need the appropriate generalization of the formula hi ® h2S{h^) = h®l 
in classical Hopf algebra theory. 

Following [9l [10] , we define 

(2.16) pR=p^ =x^ (^x^pSix"^), qn^q^ X^ ®S-^{aX^)X'^, 

(2.17) pL=p^®fp-= X^S-^{X^P) ® X^, qL^q^®q^ = S{x^)ax^ ® x^. 

For all e i?, we then have 



(2.18) A{hi)pR{l®S{h2)) = PR{h®l), 

(2.19) {l®S-\h2))qRA{hi) = {h®l)qR, 

(2.20) A{h2)pL{S-\hi)®l) = PL{l®h), 

(2.21) {S{hi)®l)qLA{h2) = {l®h)qL. 

Furthermore, the following relations hold 

(2.22) (l®5-i(/))teA(pi) = l«.l, 

(2.23) A{q^)pR{l®S{q^)) = l®l, 

(2.24) (5(pi) ® l)gLA(p2) = 10 1, 

(2.25) A(g2)p^(5-i(^i)® 1) = 10 1. 

We also have that 

x^p\p^ ® x'^pIp'^ ® X V 

(2.26) = xy ® a;[2,i)P?5'^(a;') ® a;(2,2)P25'^(a;'), 

(2.27) = q'Xl ® S-^{fX')qjXl,^,) ® S-^{fX^)qiXl,^^), 

x^p^ ® x^pIP^ ® x^pIP^ 

(2.28) = Xf,^,^p\S-\X'g') ® Xf,^^)plS-\X'g') ® Xjf, 

Q^X'^ ® fQlX^ ® fQlX^ 

(2.29) = Six^)fqlxl^i^ ® Six')fqlxl^2) ® f4- 



3. Left and right cointegrals on a quasi-Hopf algebra 

Hausser and Nill {11] have introduced the notion of left integral on a finite 
dimensional quasi-Hopf algebra H. They define the space of left cointegrals C on H 
as the set of certain coinvariants associated to the quasi-Hopf iJ-bimodule H* , the 
linear dual of H. Schauenburg [TB] has observed that the affiliation of H* to the 
category of right quasi-Hopf i7-bimodules is a consequence of the following monoidal 
categorical result due Pareigis (15, . For details on rigid monoidal categories, we refer 
the reader to p^fM). 

Proposition 3.1. Let C be a coalgehra in the monoidal category C = (C, (8>, a, 1_, r). 

(i) Let {V^Xv) be a left C-comodule admitting a right dual *V , with evaluation and 
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coevaluation morphisms ev'y and coev'y. Then *V is a right C-comodule, with right 
C-coaction 

*V — ^l^*V {*V(^V)<»*V — ^ {*V<»{C<»V))(^*V 

{{*V^C)^V)^*V {*V^C)^{V®*V) 

In a similar way, if {V, pv) is a right C-comodule admitting a left dual V* , with eval- 
uation and coevaluation morphisms evy and coevy, then V* is a left C-comodule, 
with left C-coaction 

V* y* ^ i^-^-^^V* ® ® V*) '<^-^'<i-) V* ® {{V ® C) ® V*) 

id.*^o,vy, ^^y^^c^ V*)) {V* y) ® (c ® V*) 

Wc apply this general result for the case when C = hMh- the category of H- 
bimoclules. This category is monoiclal since it can be identified witli the category 
of left modules over the quasi-Ifopf algebra ® H. We provide the explicit 
construction of the monoidal structure on hM.h- 

• The associativity constraints aM,N,p '■ {M <S: N) <S: P ^ M <^ {N ^ P) are 
given by 

(3.1) aM,N.piim(g)n) (g) p) ^ ■ m ■ (g) {X^ ■ n ■ ® X^ ■ p ■ x^); 

• the unit object is k viewed as an iJ-bimodule via the counit e of H; 

• the left and right unit constraints are given by the natural isomorphisms 

k® M = M = M ®k. 

Recall that the linear dual V* of a right (resp. left) -ff-module F is a left (resp. 
right) i?*-module via {h^v*){v) = v*{v ■ h) (resp. {v*^h){v) = v*{h ■ v). 
Let {vi}i be a basis of a finite dimensional _ff-bimodule V , with dual basis {u*}, of 
its linear dual V* . The left dual of V isV* , regarded as an i/-bimodule via 

(3.2) h-v* ■ h' = {h! ®h)-v* ^ v*^{S~^{h') ® S{h)) = S-^{h')^v*^S{h), 

The evaluation morphism evy : V* ® V ^ k and the coevaluation morphism 
coevy : k ®V* are given by the formulas 

(3.3) evy(t;* ®v)= v*{{S-\p) ^a)-v)= v*{a ■ v ■ S'^p)); 

(3.4) coevy(l) = ^{S-\a) (gi p) ■ Vi (g) v' = ^ p ■ Vi ■ S'^a) O v\ 

i i 

The right dual of VisV*, now with iJ-bimodule structure 

h-v* -h' = {h' (gh)-v* = v*^{S{h') (g S'\h)) = S{h')^v*^S-\h) , 

The evaluation evy : V ^V* k and coevaluation coevy : k ^ V* are now 
given by 

ev'viv* (gv)= v*{{0 (g S-Ha)) ■ v) = v*{S-^{a) ■ v ■ f3): 
coevV(l) = ^ ® (a ® S-\(i)) ■Vi = ^v'(g S-\(3) ■ Vi ■ a. 

i i 

Note that the two assertions follow easily from the canonical monoidal identifica- 
tion h-Mh = H°r>^H-M. and the rigid monoidal structure of the category of finite 
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dimensional representations over a quasi-Hopf algebra. The verification of all these 
details is left to the reader. 

Via its (quasi) coalgebra structure H has a natural (monoidal) coalgebra struc- 
ture within h-Mh- Recall that the category of right (left) quasi-Hopf i/-bimodules 
is precisely the category of right (left) TJ-comodules within hMh- The explicit 
definition of these concepts can be found in Tl . Note that a left quasi-Hopf H- 
bimodule is nothing else than a right quasi-Hopf i7'^°P-bimodule. 

Proposition 3.2. Let H be a finite dimensional quasi-Hopf algebra, with basis 
{ei}i, and let {e*}i be the corresponding dual basis of H* . 
(i) H* is a left quasi-Hopf H -bimodule via the structure 

h-h* -h' ^ S-\h')-^h*^S{h); 
XH.[h*) = Y.h*[S[p^)f\e,)^S-\e9^))S{p')P{e{)2S-^{q^g^)®e\ 

i 

Here p^ — p^ ^p^ and qL — q^ ® q^ are the elements defined in ^2.17\ ), f — f^ ® f'^ 
is the Drinfeld twist from \2.11\) and f^^ — g^ ® g"^ is its inverse from \2.12]) . 
(a) H* is a right quasi-Hopf H -bimodule via the structure 

h-h* -h' ^ S{h')^h*^S-\h) , 
PH, m = E h*{S-Hf'p^)ie,hg^Siq'))e^ ® 5-i(/V)(e.)i5'^(9'), 

i 

where pji — p^ ® p^ and qR = q^ ® q^ are the elements presented in h2.16\) . 

Proof. We will prove (i), and leave (ii) to the reader. Actually, we will show that 
the structure on H* as stated in (i) is precisely the structure that we obtain after 
applying part (ii) of Proposition 13.11 in the case where C = h-Mh and V = H. 
Consider H as a bimodule via multiplication. As we have already mentioned the 
coassociativity of A expresses the fact that iJ is a coalgebra within h-Mh, and so a 
right i?-comodule in C. Since H is finite dimensional we get that H* , the left dual 
of H, is a left i?-comodule in C. By (13. 2p we deduce that the iJ-bimodule structure 
of H* is the one mentioned in part (i) of the statement. In order to find the left 
7f-coaction on H* we specialize Proposition 13.11 (ii) for the monoidal structure of 
hMh, and use (|3.3p and (|3.4I) to compute Ah* as the following composition. 



^,id«^^®cocv« ^/i* {pe,S~\a) e') = ^ e^'(/3e,5-Ha))/i* (e, e*) 



Idjj.(g>(A8)Idjf) 
I ^ 



e^We,S~\a))h* (((e,)i ® (e,)2) e') 



id^.^»a^„.«. ^eJ(/35(^')e«^"'(aa;^))^* ® {X\e,)ix^ «) {X\e,)2X^ ^ e')) 

J2e\fiS{ylX')e,S-Hax'Yi)) {S-\Y')^h*^S{y') 

®y^X^{ej)ix^Y^) ® {ylX^{ej)2X^Y^ ® e') 
ev.^id^,.. Y^^.^^S{y^^^y^X\e,WY^S-\Y^P)) 

3 

ylX^{e,)2X^Y^ ® S-\ax^Y^)^e' ^(3S{ylX^). 
We then have, for all h* e H*, that 
X^^ih*) ^ Y.'^h*,q^X\e,Wp^) 
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j2.13j2.8i 
j2.9j2.10i 

j2.l7j2.(i[ 



i 

{h\eX'S'Siqf^^,-,Xl)f\e,)iS~'i^'xlpl^,^g^)x'p^) 

f^XH^S{e^^^^^Xl)f{e.)2S~\^'xlpl^^^)g^)x^pl> 

Y,{h\q^PS{e^2a)^^)f\^r)iS-'{ax''pl2,2)9^)P^) 

i 

f^X^PS{ql^,)X^)f{e,)2S~\ax^'l^^,y)x^pl® 
J2{h*,q'f3S{X^e)f\e,),S-\ap^x^g^)p') 

i 

X^(3S{X^)f{e,)2S-^{ax^g^)x^ (g) e' 
J2{h\S{X^)f\e.)^S-\x^g')) 

i 

X^f3S{X^)f{e,)2S~^{ax^g^)x^ «) e' 
Y,{h*,S{p^)f\e,),S'\e9^))Smf{e^)2S-\e9')<>- 



as claimed. □ 
If we denote 

(3.5) U = g^S{q^) ® g^S{q^) and V = S~\fV) ® ^"'(/V), 
then the right iJ-coaction on H* can be restated as 

i i 

where U = U^ ® U'^, V = ^V"^ and * is the - possibly non-associative - multipli- 
cation on H* given by (ip * ip)ih) = ip{V^hiU^)ip{V'^h2U'^). This brings us to the 
right quasi-Hopf if-bimodule structure on H* introduced in [TT] . The coinvariants 
under this coaction are called left cointegrals on H. AG H* is coinvariant, i.e. a 
left cointegral if and only if 

(3.6) \{V^h2U^)V^hiU^ = fi{x^)X{hS{x^))x^, 
for all h £ H, or, according to 2, Prop. 3.4 (c)] 

(3.7) \{S-\f)h2U^)S-\f)h,U^ = fi{qlx^)X{hS{qW))q^x\ 

for all h E H. Here /i is the so-called modular element of H*, which can be 
introduced as follows, t E H is called a left (respectively right) integral in H if 
ht = e{h)t (respectively th = e{h)t), for all h E H. and , the spaces of 
left and right integral are one-dimensional if iJ is a finite dimensional quasi-Hopf 
algebra, see [3J[TT]. They are also ideals of H, so there exists fi G H* such that 

(3.8) th = n{h)t, 

for all t G and h <E H . It can be easily checked that ^ is an algebra map and 
that /i is convolution invertible with inverse = ^ o S ~ ^ o S^^, and that 

(3.9) hr = fi-\h)r, 

for all r G and h £ H. Furthermore, we have that 

(3.10) ^(Q/3)^-i(a/3) = ^i{X^pS{X^)aX^)^l-\S{x^)ax'^|3S{x^))^l. 
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If there exists a non-zero left integral in H which is at the same time a right integral, 
then H is called unimodular. Remark that H is unimodular if and only if ^ = e. 

Examples 3.3. 1) Consider the 2-dimensional quasi-Hopf algebra H{2) constructed 
in Example 12.11 It can be easily checked that i = 1 + g is both a non-zero left and 
right integral in H{2). Thus H{2) is a unimodular quasi-Hopf algebra, and fi = e. 
2) Let H±{8) be the two 8-dimensional quasi-Hopf algebra considered in Exam- 
ple O If i = (1 + g)x^ then 

gt = g{l + g)x^ = (ff + l)a;^ t = e{g)t , and 

xt = x{l + g)x'^ = [x + xg)x^ = {x — gx)x^ = (1 ~ g)^^ = = e{x)t, 

and so i is a non-zero left integral in H±{8), because g and x generate ^^±(8) as 
an algebra. In a similar way it can be shown that r = (1 — g)x^ is a non-zero right 
integral in H±{8). Since the characteristic of k is different from 2 it follows that 
H±{8) is not unimodular. It can be easily seen that the modular element of -ff±(8)* 
is given by the relations /i(l) — 1, ^J-{g) — —1 and fj.{x) — 0. 

The space of left cointegrals on a finite dimensional quasi-Hopf algebra H is 
denoted by £. It is proved in [TT] that C®H and H* are isomorphic as right quasi- 
Hopf iJ-bimodules; the functional corresponding to \®h G C®H is \-h = S{h)—^\. 
From this isomorphism, it follows easily that C is one-dimensional. 

Now we introduce right cointegrals. We consider the quasi-Hopf algebra H'^°p, 
and observe that 7cop = (5'""^ (g)S'~^)(7), and so /cop = {S~^ ^S~^){f). It is easily 
seen that {pr)cop = '■= P21 and ((7fl)cop = 9^ CE> 9^ := 921- Otherwise stated, 

the left quasi-Hopf i7-bimodule structure of H* can be obtained from the right one 
by replacing H by H'^°p. This is why we propose the following. 

Definition 3.4. A right cointegral on a finite dimensional quasi-Hopf algebra H 
is a left cointegral on H'^°p. 

The space of right cointegrals on H will be denoted by TZ. Since H'^°p is also a 
finite dimensional quasi-Hopf algebra all the above results for left cointegrals can 
be restated for right cointegral. For example A G H* is a right cointegral in H* if 
and only if 

A{S{p^)fh,S-\e9'))S{p')fh2S-\e9')^KX')A{hS-\x'))X\ 

for all h £ H. We also have that H (E)TZ and H* arc isomorphic as left quasi-Hopf 
if-bimodules, where now /i(g) A corresponds to S^^{h)—^A. Consequently any non- 
zero right cointegral is non-degenerate and dmikTZ = 1. 

With an eye to examples, we now provide new equivalent characterizations of 
left cointegrals. Perhaps, the easiest characterization of a left integral A on a Hopf 
algebra H is that X{t2)ti = X{t)l, where t is a non-zero left integral in H. Here 
one of the clue arguments is that t generates H as a left or right 7?*-module. If 
H is a quasi-Hopf algebra, then H* is not associative, and we cannot consider H*- 
modules. However, we can still say that a left non-zero integral t "generates" H, 
in the sense that the map 

(3.11) C : H* ^H, ^(h*) ^{h*oS)^t := h* {S{qH2p'))qH^p' 

is bijective, cf. Moreover, ^ is a left i7- module isomorphism between H and 
H*. 

From [IT] , we recall the relations 

(3.12) U[l ® S{h)] = ^{S{hi))U[h2 ® 1], 

(3.13) [1 ® S-\h)]V = [h2 ® l]VA{S-\hi)), 
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(3.14) qn = [if ® l]yA(5-i(gi)), and 

(3.15) pR^A{S{p^))U[p'®l]. 
We will also need the following result. 

Lemma 3.5. If H is a finite dimensional quasi-Hopf algebra and fj, is the modular 
element of H* then we have for all X £ C and t G that 

(3.16) X{qh2p'')qHip' = Ai(/3)A(t)l. 
Proof. Let us start by noting that, for all h, h' G H, 

(3.17) \{q^h2P^S{h'))q^hip^ = ^i{x^)X{S-^{q^)hS{x^h[p^))fx^h'2P^ . 
Indeed, we have 

Mfh.fS {h'))a^h.v^ 

A(l/2[5-i(<ji)/,^(pi)]2C/25(/i'))g2l^M^-^(9^)/^^(p^)]iC/'p' 

^ A(l/2[5-l(g^l)/,5(/,;pl)]2C/2)^~2^1[^-l(~l);^^(;^/pl)]^^l;j/p2 

^ fi{x^)X{S-\q')hS{x^h[p^j)fx^h'2P^ 
Specializing p.l7p for h = t, a . left integral in H, and h' = 1 we obtain 

X( ah^v^)a H^v^^u(x^)X(tS(x^vWi>^ 

fi{x^)fi{X^pS{X^j)fi{S{x^))X{t)x^X^ = Ai(/3)A(i)l, 
and this finishes the proof. □ 

Theorem 3.6. For a finite dimensional quasi-Hopf algebra H and a non-zero ele- 
ment X e H* the following assertions are equivalent: 

(i) X is a left cointegral on H ; 

(ii) X{q^t2P^)q^tip^ — ^{l3)X(t)l, for any left integral t in H ; 

(iii) X{t2p')tip^ - li{P)Kt)P, for all t e j"; 

(iv) Xiht2P^)tip^ = fi{(3)X{t)pS{h), for all t G j" and he H. 
Here pji, q^, U and V are the elements defined in i 2. 16]) and i3.5\) . 

Proof, {i) ^ (ii). follows from p.l6p . 

(a) (i). Let t be a non-zero left integral in H. If X{t) = then X{Ht) = 0, 
and so Ker(A) contains a non-zero ideal, contradicting the fact that any non-zero 
left cointegral on H is non-degenerate. Thus X{t) ^ 0, and from here we get 
{p{l3)X(t))^^ X{q'^t2P^)q^tip^ — 1. Hence, by \4\, Lemma 6.2] we conclude that 
(/^(/3)A(t))"^ A, and therefore A itself, is a non-zero left cointegral on H. 

(ii) =^> (iii). The formula 

(3.18) ti (g) S{t2) - qHi (g) S{qh2)P = PqHi (g) S{qh2). 

can be deduced easily from ()2.22p or can be found in Lemma 2.1]. It implies 
that 

X{t2P^)tip' - X{qh2p'')f3qHip''-'^^fi{l3)X{t)p. 

(iii) (iv). By ((2lB and it follows that 

(3.19) tip^h t2P^ = n{hi)tip^ (g) t2P^S{h2), 
for all h e H. By (2i Lemma 3.3] we also have 

(3.20) X{S-^{h)h') = fi{hi)X{h'S{h2)), 



for all A e £ and h, h' e H . We now hav e, for all h E H 

x{ht2£M>^ - {x,s-\s{h))t2P^)tip^^fi{S{h),){x,t2P^s{s{h)2))tip^ 

™^ X{t2p')tip'S{hf^^^i{f3)X{t)l3S{h). 
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(iv) (a). We use {iv) to compute that 

X{qH2P^)q'hp' =t,{P)X{t)q'pS{q')^fl{P)X{t)X'l3S{X')aX'^li{P)X{t)l, 

completing the proof. □ 

The characterizations in Theorem 13.61 ahow to find the left cointegrals on H{2) 
and H±(8). First we have to find a non-zero left integral in H. Secondly, working 
eventually with dual bases, we have to determine the element A G H* that satisfies, 
for instance, (iii), the most simple equivalent condition in Theorem 13.61 When H 
is unimodular and a is invertible, then (iii) simplifies to X{t2)ti = X(t)Pa, because 
fi = e and t, which this time is also a right integral satisfies 

h (g) t2^^tiqlp^ ® t2qlp^S{q^) = hp^ t2p'^ S{a)^^tip^a ® ta/- 

Example 3.7. Let {Pi,Pg} be the dual basis of H{2)* corresponding to the basis 
{1,(7} of the quasi-Hopf algebra H{2) from Example 12.11 Pg is a (non-zero) left 
cointegral on H{2). 

Proof. H{2) is unimodular, /3 = 1, a = 5 is invertible, and t = 1 + 5 is a left 
and right integral, see the first of Examples 13.31 So we have to find the elements 
A e H{2)* satisfying A(l)l + X{g)g = X{l+g)g. These clearly satisfy A(l) = 0, and 
so C = kPg. □ 

Example 3.8. Let {Pgi^j | < i < 1, < < 3} be the dual basis corresponding 
to the canonical basis {g^x^ | < i < 1, < < 3} of -ff±(8). The space of left 
cointegrals on the quasi-Hopf algebra H±{8) from Example 12.21 is kP^^i. 

Proof. This time the computations are much more complicated. Recall first that 
t = {1 + g)x^ = a;^(l — g) is a non-zero left integral in H±{8) which is not a right 
integral, see Examples 13.31 2). 

Denote a; ^(1 ± i) and let ZU = 5(1 T *) be its conjugate. In order to compute 
A{t) we rewrite A(x) as 

A(x) = ujx ^ 1 + lJx g + p+ IE) X + p^ (g) gx, 

to compute that 

A{x'^) =x'^®g + g®x'^ + (p+ ± ip^)x ® x + (p_ ± ip+)x gx, 
and then that 

A(a::^) = Zjx^ ®l + LjJX^ ® g± ip-X^ ® x + ZJgx (g) x'^ + p+ ^ x^ 
iip+x^ (g gx — ujgx g) gx^ — p- ® gx^ . 

We have l\{t)pR — A(a;^)A(l - g)pB- Writing $ = 1 - 2p„ ®p- ® p- under the 
form 

3 1 

'^ = -l®l®l + -{l®l®g + l®g®l + g®l®l) 

-'^{l® g ® g + g ®l® g + g® g ®l) + \g ® g ® g, 

one can easily see that "I>^^ = $ and that 

p^ = x^ ® x^(3S{x^) =x^ ® x^x^ + g + g®l - g ® g). 

Now, using A(l — g)pB. — l<E)l~g<S)gvfe conclude that 

A{t)pji ~ {lJ + ujg)x^ ® 1 + (cj + iJgjx^ ^ 3 ± ix'^ ®) x + {uJg — uj)x (g) 

+1® x^ ± igx^ ® gx — [ug — ZU)x ® gx^ + g ® gx^ . 
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Take now A — J^'^ij^g'-x^ be an element of H*. It follows that A satisfies (iii) in 

the statement of Theorem 13.61 if and only if cqi = ch = C13 = and the following 
relations hold, 

uJci2 - WC02 = , wcoo + wcio = , UJCQ2 - ^^212 = and wcqo + (^cw = 0. 

We find that cqo = co2 = cio = ci2 = 0, and so A = cqsPx^- We thus have that 
C = kP^s , as stated. □ 

Applying Theorem l3.6l to H'^°p, we find the following equivalent characterizations 
of right cointegrals. 

Corollary 3.9. Let H be a finite dimensional quasi-Hopf algebra and A a non-zero 
element of H* . Then A is a right cointegral on H if and only if one of the equivalent 
relations below is satisfied: 

A[qHxp^)q^t2P^ = ^J--^{a)A{t)l, for all t € j"; 
A{tip^)t2P^ ^ fi~\a)A{t)S-\a), for ah t G ; 
A{htip^)t2P^ = n-\a)A{t)S-^{ha), for ah t G j" and h e H. 

Examples of right cointegrals will be presented in the sequel. 
We end this section by recording that in any finite dimensional quasi-Hopf alge- 
bra H we have 

(3.21) q^ti (g) q^t2 = q^ti (g) qH2 and rip^ ® r^p^ = rifr" (g) r2P^ 

for all t G and r G ] the first formula appears in the proof of Lemma 6.1] 
while the second one is the "op" version of it. Thus in the equivalent conditions in 
Corollarv l3.9[ we can interchange qn and qL- 

4. Integrals, cointegrals and the fourth power of the antipode 

In this Section we present several Frobenius systems for a finite dimensional 
quasi-Hopf algebra H in terms of integrals and cointegrals. Then we will see that 
the formula for the fourth power of the antipode S proved in [TTl [T^] simplifies in 
some particular situations. First we recall some equivalent conditions for a finite 
dimensional fc-algebra A to be Frobenius: 

• A and A* are isomorphic as right ^-modules, where A* is a right A-module 
via {a*^a,b) = a* (ah), for all a* G A* and a,b e A; 

• A and A* are isomorphic as left A- modules, where A* is considered as a left 
A- module via the action (a-^a*, b) — a*{ba), for all a* G A* and a,b £ A; 

• there exists a pair (0, e), called Frobenius pair or Frobenius system, with 
(f> € A* and e — e^®e'^GA(E}A (formal notation, summation implicitely 
understood), such that 

ae^ ® = ® e^a, V a G A, and 4>{e^)e'^ = '/'(e^)e"^ = 1 . 

The Frobenius system (0, e) is unique in the following sense: any other Frobenius 
system for A is either of the form {(f>^d,e^ ^ d~^e^) or (d^0, e^d^^ e^), for 
some suitable invertible elements d, d of A. Moreover, if (-0, f — f^ <E> /^) is another 
Frobenius system for A then 

(4.1) d = ij{e^)e^ , = (/.(/i)/2 , d = x-^d) and d^^ = x'^d^^), 

where x is the Nakayama automorphism associated to the Frobenius system (0, e). 
X is the automorphism of A uniquely determined by the equality a^cj) = </)^x(a), 
satisfied for all a G A. It is well-known, see PJ], that 

(4.2) x(a) = (t)ie^a)e^ and x'^a) = 0(ae2)e\ 
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for all a £ A. Finally, let {ai}i be a basis of A with corresponding dual basis {a^}i 
of A*. If / : A — !■ A* is an isomorphism of right A-modules then (/(l^),^ai (g) 

i 

/~^(a*)) is a Frobenius system for A. Likewise, if / : yl ^ A* is a left A-linear 
isomorphism then (/(l^), ^ f^^{a^) (g) a^) is a Frobenius system for A. 

i 

We will now describe Frobenius systems for a finite dimensional quasi- Hopf al- 
gebra H . Some of these systems also appear in [T^. 

Proposition 4.1. Let H be a finite dimensional quasi-Hopf algebra and (A,t) S 
Cx J" satisfying X{S-'^{t)) = I. Then {Xo S-\ qHip^ S{qH2p'^)) is a Frobenius 
system for H with Nakayama automorphism given by xW ^ IJ-ihi)S'^{h2), for all 

heH. 

Proof. The properties of ^ defined in p. lip show that H is a, Frobenius algebra. 
On the other hand, as we mentioned in the proof of Theorem 13.61 the unique map 
A G H* satisfying X{q^t2P^)q^tip^ = 1 is a non-zero left cointegral on H. In terms 
of ^ this means that ^(A o S~^) = 1, and so A o 5*^^ is a Frobenius morphism for H 
with Frobenius element 

e = ^ ^{e') (g) Ci = qHip^ ® S{q^t2P^). 

i 

Thus {Xo ,q^tip^ ® S{q^t2P^y) is a Frobenius system for H, where (A,t) S 

£x is such that X{q^t2P^)q^tip^ — 1 or, equivalently, X{S~^ {q^tip^))q^t2P^ = 1. 

Therefore, all we have to prove at this moment is that to give a pair (A, t) £ 
£ X such that, for instance, X{S^^ {q^tip^))q^t2P^ = 1 is equivalent to giving a 
pair (A,t) e C x j" such that X{S-^{t)) = 1. Indeed, if X{S-\qHip^))qH2P^ ^ 1 
then applying e to the both sides we get X{S~^{t)) = 1. 

Conversely, since S is an anti-algebra automorphism of H by [12, Lemma 3.1] 
we get that (A, q^t2P^ <E) S~^{q^tip^)) is another Frobenius system for H. From the 
uniqueness of the Frobenius system there exists an invertible element g in H such 
that 

(4.3) XoS~^ ^ X^gand qHip^ S{q^t2P^) ^ q^t2P^ ® g'^ S-\qhip^). 
Furthermore, by (|4.ip we have 

(4.4) g = X{S-\q%p^))S-\qHip^) and g-^ = X{qHip^)S{q%p^). 
Thus, if A G £ such that X{S-^{t)) = 1 then 

1 = XiS-\t)) = {X^gm = X{gt) = e{g)X{t) - y^{(5)X{S-\t))X{i) = m(/?)A(0. 

Then Theorem 13.61 savs that X{q^t2P^)q^tip^ = 1 and as we already pointed out 
this is equivalent to X{S~^ {q^tip^))q^t2P^ = 1. 

To compute x we use the formula in (|4.2I) to obtain that 

Xih) = cj)iqh,p'h)SiqV)^^i{h,)<j,iqH^p')S{qVSih2)) = fiih,) {h2) , 

for all h £ H, or we can make use of (|3.20p . This finishes the proof. □ 

The element g defined in (j4.4p is called the modular element of H. Together with 
fi, it plays an important role in the structure of the fourth power of the antipode. 
An equivalent version of this formula can be easily obtained as follows. 

Remarks 4.2. (i) If {X,t) £ Cx J" is such that A(S'"i(t)) = 1, then the inverse of 
the map ^ : H* H considered in p. lip is given by ^^^{h) = h^X o S~^, for all 
h€H. Indeed, ^ is left i?-linear so ^{h^X o S'^) = h^{X o S'^) = h^{(f)) = h, for 
all HeH. Thus the couple (A, t) has also the property that t^X o S^^ = e. 
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Note also that Xo S ^ = A^g implies that 

A o 5- = (A o S-^^g-^) oS = S-\g-^)^X. 
Furthermore, since S{g) — Xo S^"^ {S(q^t2p'^))q^tip^ ~ ^(A o S^'^) we deduce that 

XoS-^= C\S{g)) - S{g)^X o = 5(g)-A-g. 
(ii) For all /i G -ff we have that 

(4.5) ii{nS-\h)S-\g_-')S{f) = ^l{h^n^l'\h^2.2))S-\g_-')S{S{h^2,,))f)^ 

where, as usual, / is the Drinfeld twist defined in (12.111) . Observe that this equality 
can be viewed as an equivalent version of the formula for the fourth power of the 
antipode [TTl |T2] , namely 

S\ti-'^{h^ii)) ^ S'{f;')S{g)hS{g-')S^U), 

for ah h e H. Here fJ-if)P and h*^h := h*{h2)hi, for aU h* e H* and 

hGH. 

To prove (14. 5p . we compute X{S^^ {h)q^tip^)q^t2P^ in two different ways. On one 
hand, by (j2.19p we have 

(4.6) hqHi g^t2 = qHi (g) S-\h)q%, 

for all h e H, and therefore X{S-^h)qHip^)q^t2P^ = X{qHip^)S-'^{h)q^t2P^ = 
S-^{h)S~\g), for ah he H. On the other hand, 

XiS-'aihH^p')qH2p'^Khl)XiqH,p'Sih2))qH2P^ 
™ fi{hi)^i{Sih2h)X{qh,p')q%p'S{S{h2)2) 
= fi{hi)ti{S{h2)i)S-\g-')S{S{h2)2). 
Comparing the two equalities above by (|2.8I) we obtain (|4.5p . 

Another Frobenius system for iJ can be obtained by working with H'^°p instead 
of H. This will allow us to find a bijection between the spaces of left and right 
cointegrals on H. 

Proposition 4.3. Let H be a finite dimensional quasi-Hopf algebra, t a non-zero 
left integral in H and let X E C and A ^ TZ be such that X{S^^{t)) — 1 and A{S{t)) = 
1, respectively. Then u := ii{V^)S'^{V'^) is invertible in H and A o S^^ = K-^u. 
Consequently the map C ^ TZ sending X to Xo S^^^u^^ is a well-defined bijection. 

Proof. Applying Proposition 14.11 with H replaced by H'^"^, we find that (A o 
S, (ft2p'^®S~^{q^tip^)), with A the unique right cointegralon H such that K{S{t)) = 
1, is a Frobenius system for H. By [TH Lemma 3.1] we have that (A, g^iip^ ® 
S{q^t2P^)) is also a Frobenius system for H'^°p, and therefore for H as well. Now, 
we know that the Frobenius systems (A o S~^,q^tip^ S{q^t2p'^)) and (A, q^tip^ ® 
S{(f't2P^)) are related through an invertible element u E H satisfying 

(4.7) XoS-^ = A^u , qhip^ ® S{q%p^) = qHip^ S{qH2p'^) . 

In order to prove the first assertion, it therefore suffices to show that u — iJ,{V^)S^{V'^). 
To this end, we first apply ((i7T|) and obtain that u = X{S^'^ {q^tip^))S{q^t2P^). Us- 
ing (|2.15|) we compute 

^^-W^ f^X^glG^aS-\X'g\G')®f^X^g^ 

f^glG^S{X^)aX^S~\g^) ® f^glG^S{X^) 
^^^^ S{q'S-\g%)S-\g') ® S{q' S-\g'),), 
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where f ^ ® p ^ F' ® F"^ and /-^ ® ^ ® G^. From (j^l^ it follows 
that any right integral r in H satisfies 

(4.8) rip'h ® r2P^ = rip' ® r2P^S{h), 
for all h E H. In particular, if we set r :— S^'{t) E then 

hp' hp' ^ g'S{r2)fp' ® 9'S{n)fp^ 

n{G')ai5'S{q\2)S-\G') ® a2S'S{q'n) 
n{G')aiPS{q'r2X^)S-\G') <S) a2X' pS{q'nX') 
li{G')aiPS{q\2p')S-\G') a2S{q\ip') 
n{G')a^l3S{q\2p'a2)S~'{G') ® Siq'np') 
lx{G')l3S{q\2p')S-\G') Siq'np'), 
and therefore 

q'hp' ® qH2p' ^ piG')q'pS{q'r2p')S-\G') ® q^S{q'rip') 

p[G')q'fiS{q'r2p'if)S-\G') ® S{q\,p') 
p{G')S{q\2p')S-\G') ® S{q'np'). 
Then we compute that 

u - piG')\{S-'{G')q\2p')S'{q'np') 

^ p{g'MS-\g%)X{q\2p'S{S-\g%))S\q\,p') 
^ ^,{g')y.{S-\9'),)\{q\2p')S'{q'r,p'S-\g%). 
Using the fact that r is right integral in H , we find that 

A((?V2p2)<jiri/'^A^(:ri)A(5-i(gi)r5(xV))g'::c'p'^A(5-i(t))g2 =Ai(qi)g2, 
and then we can finally compute that 

u^Jii^MS-\g%)SHitS-\g%) 
; = \ p{g'S{x')aS-\fglG'S{^S(,fg\G'S{x^)) 

as needed. Using (|4.ip or a simple observation, we see that 

(4.9) u-'^ii-HqWS{q'))S{qW). 

From the uniqueness of left and right cointegrals on iJ, it follows that the map C — ?> 
71 in the statement is well-defined. Its inverse sends K ElZto (A^u) o S E C. □ 

Corollary 4.4. // H is a finite dimensional unimodular quasi-Hopf algebra and S 
is the antipode of H* then S (C) = TZ. 

Proof, ji — e implies u — 1, and so A o = A. Everything then follows from the 
uniqueness of left and right cointegrals on H . □ 

Corollary 4.5. Consider {K,t) eUx J" such that A{S{t)) = 1. Then Ao S = 
h.'^uS'^{S~'(u~')'^pL)g~' , where g is the modular element of H , and where we 
define h^h* := h*{hi)h2, for all h* E H* and h E H. 

Proof If (A,t) eCxJ" satisfies X{S-'{t)) = 1 then we know that A o 5 ' = X^g. 
Now we write this property in i7™P: for any couple (A,t) E TZ x J^^ such that 
A{S{t)) = 1, we have that A o 5 = A^g^^^ with g^^^ = A{S{qHip'))S{ft2p''). 
The proof is finished after we show that g^^^ = uS'^{S^'{u^')^p,)g~' . 
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By A o S*-! = A^u we get A o = (A o S-^^u-^) oS^ S-'^{u-^)^X, so 

^ fi{S-\u-^),)X{qh,p')uS'{S-\u-'h)S{q%p') 

as desired. Notice that g^^^ — g^^ in the case when u — 1, and this happens for 
instance when H is unimodular. □ 

Corollary 4.6. Let H be a finite dimensional quasi-Hopf algebra and assume that 
C — TZ. Then g = ii{j3) {I3)~^ u . Consequently, if H is unimodular and admits 
a non-zero left cointegral that is at the same time right cointegral then g — 1- 

Proof. Since dinifc£ = dimkTZ = 1 it follows that C ~ TZ if and only ii COTZ ^ 0. 

Let 7^ A e £ n 7^ and i e j" such that A(S'-i(t)) = 1. Then A o = A^u, 
for some non-zero A £ TZ. But A = cA for a certain c £ /c, so A o 5*^^ = cX^u. We 
have fi{l3)X{t) ~ 1, hence 

1 = XiS-'^it)) = cX{ut) = ce{u)X{t) = ctr^{/3)n{l3)-\ 

We get c — iJL{j3)ii^^{l3)^^ and therefore, using (|4.6p . we conclude that 

g - A(5-i(g2t2/))5-i(q4ipi) = cA0Vt2/)5-i(g4y) 

^cX{qV)S-\qH,p')u = ^l{P)^Ji-\|3)-^u, 

as stated. □ 

The above formulas tell us how to find right cointegrals from left cointegrals, 
and vice- versa. 

Example 4.7. For H{2) we have that Pg is at the same time left and right coin- 
tegral and 3=1. 

Proof. H(2) is unimodular and has the antipode defined by the identity map. Thus 
in this particular case the formula Ao5^^ = A^u reduces to A = A, and so C = TZ. 
From Example 13.71 we deduce that Pg is a left and right non-zero cointegral on 
H{2), and from CoroUarv 14.61 we get 5 = 1. □ 

Example 4.8. For H±{8) we have TZ — k{ijjP^3 -I- ZUPgj.3), g = wl + uig and 
g~^ = aJl + cjg, respectively. 

Proof. To find a right cointegral on H±{8) we compute A o S^^ and the element u. 
Then A o S~^'^u~^ will be a non-zero right cointegral on H±{8). 

Consider the left integral t = {1 + g)x^ and take A = cP^^ with c G A; that has to 
be determined such that A(S'^^(t)) = 1. Actually, since /3 = 1 we need to find that 
unique c G A: such that X{t) = 1 and it then follows that we should have c = 1, and 
thus A = P2.3 . 

We use now ± =p ip-) = 1 to see that S~^{x) = —{p+ T ip-)^i a-nd 

5'-i(a;2) ^ :jpix^ , S-\x^) = ±i{p+ T ip-)x^ , S'^igx) = {p+ ± ip^)x , 

S-\gx^) = TWX^ , S-\gx^) = Ti{p+±iP-)x^ ■ 

In particular, we get X{S~^{g^x^)) = unless in the following two cases when we 
have 

X{S^'^{x^)) = ±iX{p+x-^) + X{p-x^) = i(l ± i) = w ,and respectively 
XiS-^gx^)) = T«A(p+.t3) ^ ^(p_^3) = + 
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In other words, we have A o S^^ = wP^-s + LJPgj.3. It can be easily checked that 
/ = /^^ ~ pji in the case when H = H±{8). We conclude that u = 1, even if H is 
not unimodular. Thus toPx^ +ujPgx3 is a right non-zero cointegral on H±{8). 

Let us finally compute g. Since /3 — I formula p.lSp implies q^t2P^ ^ q^tip^ = 
tip^ ® t2P^, hence g = X{S^^ {t2P^))S~^ (tip^) . By the expression of A{t)pR found 
in Example 13.81 we then obtain 

g ^ X{S-\x^))l + X{S-^{gx^))g = luI + ZJg, 

as desired. A simple inspection shows that g^^ =oj1+ tug, and this completes the 
proof. □ 

We now investigate the relation between A o 5 and A. 

Proposition 4.9. Let t be a left integral in H and let X G C and A € TZ be such 
that A(5-i(t)) = 1 and A{S{t)) = 1. Then v = {n-^{g)iJL{j3))-^ iJL{S{p^)f^)S{p^)P 
is invertible in H and XoS = A^v. Consequently, we have a well-defined hijection 
between £ and TZ mapping X to Xo S^v^^ . 

Proof. Applying Proposition 14. II to iJ°P, we find that {(j)op,q^rip^ S^^{q^r2p'^)) 
is a Frobenius system for iJ; r is a non-zero right integral in iJ, and (j)op is 
the unique element of H* satisfying 4>o-p{S^'^{q^r2p'^))q^r'^p'^ = 1 or, equivalently, 

4>op{q^rip^)q^r2P^ = 1. Now set t = S{r) G and take A £ £ and A eTZ such that 
X{S-\t)) = 1 and A{S{t)) = 1. We will prove that (j)op = fi-\p^)S-^{p^)^X o S. 
To this end recall from the proof of P, Lemma 6.1] that 

(4.10) V^riU^ ® V^r2U^ = S-^q^p"^) S-Hq^hp^), 

(4.11) U = qlp^ (g) q\p^S{q^) and V = q^p\ ® S-^{p^)q^p\. 
From (j4.1ip it follows that 

® V^r2U^ = q^Plnqy ® S-\p'')q^plr2qlp^ S{q^) 
= A^-l(pl)qVl/(8)S'-l(p2)qV2P^ 
and then (|4.10p can be restated as 

fl~\p^)q\ip^ ® S-\p^)q\2P^ = S-\qH2p') ® S-^qHip"). 
Observe now that, for all ft, G i/, 

ftgVi (g) g^r2*^^q^ft(i4)ri ® S-^{h2)q^h(^i^2)r2^ ^J^^^{hl)q^rl ® S^^{h2)q^r2. 
Since 

^Jim^Ji-\p^)q^q'r,p^ ® S-\p^)q\2P^ = ^i{q')S-\qH2P^ S{if)) ® S-^qH^^), 
this implies that 

(4.12) gVipl ® qVap' = fi{q^)q^S-\qh2P^) S'^qhip^), 

where we made use of (12.251) . 

In the proof of Proposition 14.31 we have shown that X{q^r2P^)q^rip^ = ij,{q^)(f, 
hence 

l^^{p')epl)epl = f^-\p')Kpl)Hq'r2p')q'r,p'f2 
^ ^^-'ip^Mpl)X{q\2p'Sipl))q'np' 
^ ^,-\p^)X{S-\p^)q\2p')q'r,p^ 
= {X^^i-\p^)S-\p^),q\2p')q^r^p\ 

From the uniqueness of the map 0op it follows that 



''op 



= {x^^i-\p^)s-\p^)) o s = ^i-\p')s-\p^)^x o s, 
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as we claimed. By the definition of pL it is immediate that d := /i ^{p^)S ^(p^) is 
invertible in H, and therefore {XoS, rip^ d® S^"^ [q^ r2p'^)) is a Frobenius system for 
H , whenever (A, r) ^ C x is such that A(r) = 1. Comparing it with (A, q^tip^ (g) 
S{q^t2P^)) we conclude that there is an invertible element v G H such that Xo S = 
A^v. In order to compute v, observe first that (|2.17p . (|2.14p and the formula 
S-\P)(3f^ = S-^a) imply 

(4.13) 5(p2)/i ® S{p')f = q'gl ^-^(s^)^^^!, 

where, as usual, we denote = 9^ ® g'^- 
According to (|4.ip we have that 

V = \{S{qHw'))S{qH2P^) 

(A, 5(t)2ff^5(g^))5(p2)/i5(t)i5^5(92) 
^rin i^^S-\9^)q^{g'S{t))2U^)q\g'S{t)),U' 

M(5?)A^-^(5^)(A,<Z^5(02^^5(g|))gi5(0i[/^ 
..nMt, M5?)A^-^(5^)(A,<Z^^(t)2^^)g^5(i)i^^32^ 
^-^^ ^^-\9'Mq'9l){WS{thU')q^V'S{t),U'g| 

KS{g')egl)XiSit))egl 

At (*) we used that S{t) G . Now we claim that 

(4.14) S{g')e9l ® 9^51 = S{p')f 

Indeed, using (I2.17P and (|2.14p . we compute 

5f^)^® g^gi ^ 5(giGi5(x3))agiG25(:r2)^i ^^i^(^i)^2 

5(a;2/35(x3))/i ® 5(xi)/2 = 8 S{p')f. 

We also have that X{S{t)) = (5'-i(g-i)^A)(<) = ^-i(ff'^)A(t) = {n-\g)fi{l3))-\ 
hence t; = {^-'^{g)fi{P))-'^fi{S{p'^)f'^)S{p^)p. It is easy to see that the inverse of 
V is = ii^^{g)iM{(3q^g^S{q\))g'^S{q\), and this finishes the proof. □ 

Corollary 4.10. Let S he the antipode of the dual of a finite dimensional unimod- 
ular quasi-Hopf algebra H . Then S{C) — TZ. 

Proof. In this case we have fj, = e and therefore v — 1. □ 

For a G H invertible, let Inn^ be the inner automorphism of H defined by a, this 
means that Inna(/i) = aha~^, for all h G H. 

Corollary 4.11. If H is a finite dimensional unimodular quasi-Hopf algebra then 
— Inn5(-g'), where g is the modular element of H . Furthermore, if C ^ TZ then 
is the identity morphism of H . 

Proof. If H is unimodular, then fj, ~ s and = 1 and if, moreover, C = TZ then 
3 = 1, cf. Corollary SH □ 



We have seen how the antipode of H* , or its inverse, acts on left or right cointe- 
grals. Let us now investigate how the antipode of H acts on left or right integrals 
in H. 

Proposition 4.12. Ift,r are non-zero left, respectively right, integrals in H then 

S{t)^= /i(/3)-V(gV)'?^iiP^ S-\t) = f^-\gMqH2P^)q%p'; 

S{r) = {^i-^{g)^i{a(3))-'^fi-'^{q^r2p'^)q^rip^; S-^{r) = n{a)-'^ fi''^ {q^r2p'^)q^rip^ . 
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Proof. Consider A £ £ such that A(5"i(t)) = 1, so that /i(/3)A(i) = 1. If we define 
r' — ^{t2P^)tip^ then 

r'h = fi(t2p'^)tip^h = tJ'{t2h(^i,2)P^S{h2))tih(i^i)p^ 

^ ^i{hl)^l{t2P^)^l-\h2)hp' = e{h)r', 

for all h ^ H. Thus r' is a right integral in H. As dim^ = 1 there exist c, c' e fc 
such that S'(0 = cr' and S'-i(<) = cV. We have that \iS{t)) = {S-\g-^)^\){t) = 
M-i(5-i)AW = and 

A(r') ^ ^(t2P^)A(ii/)™M(5-i(/3)<Z^t2P^)A(g4ipi)'PM-i(/3)^-i(5-i). 

It follows that c = (/i(/3)//-i(/3))-i and c' = ^i^H/^S"^)"^- The formulas for S{t) 
and >S'^^(t) now follow from these relations and p. 181) . 

Let r be a right integral, and let t = S{r). Take A € £ such that A(r) = X{S~^{t)) = 
1. Proceeding as in the first part of the proof, we can show that t' := n~^{q^r2)q^ri 
is a left integral, hence there exist &, 6' G fc such that S{r) = ht' and S^^{r) = h't' . 
The formula for S~^{r) can be obtained by applying the formula for S{t) to if°P. 
As the formula for S~^{t) contains g and we do not have an analogue of g in iJ°P 
we cannot derive the formula for S{r) from the one of S^^{t). Nevertheless, we can 
obtain it by computing b as follows. We have 

A(5(r)) = (5-i(g-i)-A)(r) = e{g_-')X{r) = X{t) = 

A(t') = \{q\^)^i-\q\2p\{q^r,p')^i-\q^r2P^a) 

^ Kq')X{eS-\qV))^l-HS-\q%p')a) 

= ^i{q^)c|,{qH2P^S{e))^i{qH^p')^i-\a). 

At (*), we used p.lSp . applied to iJ°P, and = Ao5~^is the Frobenius morphism 
of H . We now use the Nakayama automorphism x of iJ associated to to compute 

m = ti{emx{s{e))q%p')Kq'tip')^^-\c.) 

^ t,{q')^iqH2P^)fi{S{x{S{e)))q'hp')fi-'{a) 

= ^,mxis-'{qH2P^))^i-Hs-\q%p'))^^-Hx{Sie)))^^-Hc^) 

^ t^mf^-'{g)t^-Hs,{e))t^-\a). 

In the last equality, we used the (obvious) identity x ° "S* = S*^ o S*^ , and we used 
the notation Sf^{h) := S{h)^^. Now we have for all h e H that /x~-^(5^(/i)) = 
IJ,{S{h)i)fj,-'^{S{h)2) = eiSih)) = e{h), so X{t') = ^.{a)n-'^{ga), and therefore 
^{l3)~^ = bfi{a)^^^{ga). Hence 

5(r) =MM)"V"'(ffa)'V''('z'^2)<zVi = {fi-\g)fi{al3)y' fi-\q'r2p')q'np\ 

and this completes the proof. □ 

Applying Proposition 14. 121 and p.lOp . we have the following result. 

Corollary 4.13. Let H be a finite dimensional quasi-Hopf algebra. For all t G J^^ 

and r G , we have that 

S'{t) = (fr\gMl3)rH and S'{r) = {f,~\gUf3)r'r. 

5. The (co)integrals of a quantum double 

We are now able to provide explicit formulas for the integral in and the cointegral 
on the quantum double D{H) of a finite dimensional quasi-Hopf algebra H . In 
particular, we will see that the conjecture of Hausser and Nill [TT] holds if H is 
unimodular, but not in general. 
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We first recall the definition and properties of D{H). In the sequel, {ei}i will be 
a basis of i?, and {e^}i the corresponding dual basis of if * . O = O^ig)- • -C^ri^ 6 H"^^ 
is defined by 

(5.1) n = Xl^^^jy^x^ ® Xl^.2)y^xl ® X^y^xl (E> S-\fX^x^) ® S-^{fX^) , 

where / = (8) is the twist of Drinfeld defined in (j2.11D . As a vector space, 
D{H) = H* (g) H. The multiplication is given by the formula 

(5.2) (ifi K h){i: N h) = [{n^^ip^n^){n^h(^i^i)^ij^s-^ih2)n'^] k n^h(^i^2)h' , 

for all ip^ip ^ H* and /i, /i G -ff , where we wrote iy9 n /i in place of (/3 ft, in order 
to distinguish this new multiplication on H* (g) H. The unit of D{H) is £ n 1. The 
explicit formulas for the comultiplication, counit, reassociator and antipode are 

/^d{^P n ft) = (e n X^Y^){p\x^^Lp2^Y'^S-^{p^) m plx^hi) 

(5.3) ®{Xl^ipi^S-^{X^) M XlY^x^h2), 

(5.4) ei5((p N ft) =e(ft)(^(5-i(a)), 

(5.5) ^ {e M X^)®{e n X'^)®{e ^ X^), 

(5.6) 5z3(^ N ft) = (e N 5(ft)/i)(p}[/i-5"'(^)-f 5-i(/) N p\U^), 

(5.7) a£) = eKa; fio = e n (3. 

Here — p^(®p'^, f = f^®P and [/ = U^®U^ are the elements defined by (|2.16l) , 
(|2.1ip and (13. 5p . D{H) is a quasi- Hopf algebra and is a quasi- Hopf subalgebra 
via the canonical morphism iu ■ H D{H), ioih) = e n ft. 

Now we take a non-zero left cointegral X on H and a non-zero right integral r in 
iJ, and define T :— ii~^{S^)S^^X £ H*, where /i is the modular element of H* and 
(5 = (5^ (g) (5^ is the element oi H®H defined in (j2.10l) . We claim that T n r is a non- 
zero left and right integral in D{H). That it is non-zero follows easily from the fact 
that r is non-zero and T(r) = ^l-^{5^)\{r5^) = y.-^ {e{5^)5'^)\{r) = n-^{P)\{r) ^ 0, 
as £ X J'^ 3 (A', r') ^ A'(r') e fc is non-degenerated, see [TTJ Lemma 4.4]. 

The difhcult part is to show that T xi r is a left and right integral in D{H). To 
prove that it is a left integral we need the following formulas, 

(5.8) A{hi)6{S (E) S')(A™P(ft2)) = e{h)6, for aU h e H, 

(5.9) Y^5^S{Yi) ® YH^S{Y,^) = /35(p2) ® ^(pi), 

(5.10) ® z2p2 ^ ^3-2 ^ Y^Z^S-\Y^Z^f3) Fa^Z^ ® 

(5.11) (g) q^Xf ® 5"i(X3)g2x| = q^a;^ g) gia;^ g) g^^:^ 

(|5.8p can be found in [6J , and (|5.91 15. lip can be deduced easily from the definitions 
of S, PL and qji, and the axioms (|2.3p and (|2.5p . We leave the details to the reader. 

Proposition 5.1. Keeping the above setting and notation, we have that T n r is 
a left integral in H . 

Proof. We check this assertion by direct computation. If (/j G H* and h E H then 
{ip x h){T x r) 

fi-\s'^){fi^^ip^n^){n^\j^,x)S^^x^s-^{h2)n'^) n n^\i^2)r 
^ fi~\n^h^i^2)S^){n^^ip^n^){n^h^i^i)d^^x^s-\h2)n^) x r 
^ /i"'(^^'/^(l,2)^'^((/i2)l))(^!2ft(l,l)^l^((ft2)2)-A-^^4) ^ r!3/,(^ ^)r 

^ e(h)fi-\nH'^){n^^(p^n'^){nH^^x^n^) n r. 

Therefore it suffices to show that 

fi-\n^s'^)x{Q^h2n^s^)n^hin^ = ^l-\5'^)x{hs^)s-\a), 
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for all h £ H. To this end, we compute 



S-\fx'')h^Xl^^)y\x^ 
'Xly^S{p^))\{S-\f'X^ 

S~\fX^)hiXl,^,y,x' 
'XWS{p^))\{S-\fX^ 

S-\fX'){hXly'S{P^))iU'P' 



^^^^ ^r'ix',y^sip^)MxM){KS-Hf){hxl^^ 

S-'{fX^){hXly'S{Xf,^,^yf,^,^plP^)),U'Xf^^^^^^^ 

S-\x')q'z'X^,^^^yf^^,-,plP^ 
p-'iX^y^)^iiqlXf,^,y^,^,^z'p'){X,hXly'S{qlXl^^^^^ 
S-\X^)q^Xlylz^plP^ 

(A, ^\,i).T}yi5((q2i)2(a;2y?r')2^'P^))g'.T3y3y3p2 

]2.3|2.1|2[S} 1 3^ ^2c-l/' 1 2vla\\ 
M(('?22 )i^ "S* ((7(1^2)^ ^ 



J2.l7l2.5f 



(A,^\,i)ziyi5((gi^3)^^3y2pi)^^2y3p2 

M"^(z2(g2')i^'/3^(^?(92)(24)^')) 

(A,/izigiyi5(z3(gi)(2,2)^'2/'pi))g'y=^p2 

f,-\z'Z'(3S(zlZ^)){X,hz\WSizlzV2y'P'))qVP' 
^i-\z^ pS{zlZ^)){\hz^ pS{zlZ'^))S-^(a) 
H-\S^)X{hS^)S-\a), 



for all e i?, and this finishes the proof. □ 



Corollary 5.2. The quantum double D{H) is a semisimple algebra if and only if 
H is semisimple and admits a normalized left cointegral, that is a left cointegral A 
satisfying X{S~^{a)l3) / 0. 

Proof. This is an immediate consequence of the Maschke theorem for quasi-Hopf 
algebras proved in P^B]- Note that, for the non-zero left integral T — /i~^(5^)5^^A x 
r in D{H) we have e^CT) = e{r)n-^{S^)X{S-^{a)d^), and so enij) 7^ if and only 
if e{r) ^ and [i~'^(S^)X(S^^{ci)S^^ ^ 0. But e(r) ^ implies PI semisimple, and 
therefore unimodular, in which case /z~^((5^)(5^ = /3- D 



Examples 5.3. 1) D{H{2)) is semisimple because H{2) is semisimple and the left 
cointegral Pg on H{2) found in Example 13.71 satisfies Pg{S~^{g)) — Pg{g) = 1. 
2) D{H±{8)) is not semisimple because H±{8) is not semisimple, cf. Examples 13.31 
2). 
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From [U Theorem 6.5] we know that T = T n r is a right integral in D{H). In 
Section ini we will present a direct proof, and we will also show that 

\{S-\f)h^g'S{h'))S-\f')h^g^ = ^l{n^i-\UlV^aUP) 

(5.12) A*([/iyix2)A(/i5(y3a;3/^'2p2))5-i(g-iyi3,i)5(5([/2uV'x?/i'#)/2), 

for all A G £ and /i, h' G H, where [/ = [/^ » t/^ = (g) is the element defined 
in (1331) . 

Now we will focus on the cointegrals on D{H). In the sequel, we will identify 

D{H)* =H®H*. 

Proposition 5.4. Take non-zero elements X E C and r £ . Then 

(5.13) r = r N /i(pi)5(p2)-A-^-i(/i)5-i(/2) e Z?(i/)* 
zs a non-zero left cointegral on D{H). 

Proof. It is clear that F 7^ 0. Since iJ is a quasi- Hopf subalgebra of D{H) via in 
it follows that the elements U and V for D{H) are = e k t/^ Cg) e m [/^ and 
= e x T/i (g) e K F^. Applying (|5.11l) to H°p, we have 

(5.14) X^pI ® X^pi g) XV = x^(E) xIp^ (g) x2p25(a;3). 

Identifying D{H)* ^ H ® H* , we compute 

F((e K t/2)(X2^(^i^5-l(X3) K X2y3x3/i2)(£ N U^)) 

(e K T/i)(£ N X^Y^){p\x^-^Lp2^Y'^S-^{p^) n p^x2/ii)(e n f/^) 
'P ^i(5-i(F,^X3)rF(li)X^)A(5-i(/2)T/(^i^,)X|y3x3/.2C/^5(p2))^(pi) 

Ai-i(/i)(e M FiXiri)(p}a;i^(y32'^r2S'-i(p2) n pix^/iit/i) 

^{r)^,-'{S{X^)F'flplMp^)X{S-\S{X')F'f^pl)fi,U'S{p^)) 
^—^—^ e X S'-i(5(Xi)/V)/iiC^^ 

•^-^^ ^(r)^-i(/i.i)M(pi)A(5-i(FV^?P^)/^2C/^^(p2)) 
e K S'-i(F2/|a;2p2 5'(a;3))/j^jji 

™i™ ^(r)^-\/\.i)M;5i)A(F^(5-H/^.^)/.5(p?))2C/^) 

^^^^ e K a;3Fi(5-i(/2x2)/iS'(p2))^c/ip2 

jr;! ;^ ^{r)^^-\fx'Mxly'p')X{S-Hf)hS{xly'pl))e m x^y^p\ 

^ = ' v'(0A'(p')/^-'(/')A(5-^(/')/i5(p2))£ N 1 = F(^ N /j)e K 1. 

As D{H) is unimodular the above computation shows that F is a left cointegral on 
D{H), as desired. □ 

Corollary 5.5. D{H) admits a normalized left cointegral if and only if D{H) is a 
semisimple algebra. 

Proof. For the non-zero left cointegral F defined in (j5.13p we have 
r{S^\e K a){e x /?)) = F(e n S-\a)f3) = e{r)fi{p^)fi'\f')X{S-\af')m- 

This scalar is non-zero ifand only if e(r) a.nd fi{p^)^~^{f^)X{S~^ {a f^)(3p-^) ^ 0. 
But, as we have already mentioned, e{r) ^ implies H unimodular, and in this 
case n{p^)fi-^{f^)X{S-^{af^)l3p'^) = A(5-i(a)/3). Then the resuh follows from 
CoroUaryO □ 



Now we describe the space of right cointegrals on D{H). 
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Proposition 5.6. If t E and A e £ are non-zero then t x X o S is a non-zero 
right cointegral on D{H). 

Proof. Since D[H) is unimodular T o Sb is a non-zero right cointegral on D{H), 
of. Corollary 14. 101 So it suffices to show that F o Sd = S{r) x A o S'. Applying /i 
to the both sides of ((5TT2)) we obtain after a straightforward computation that 

for all h, h' G H. Consequently, by (|2.25p we obtain that 

fi-\eus-\f')s{hW)x{s-\f')s{hWs{h'e)) 

(5.15) = ti-'{ag~')fimKfiK)KS{qlh2h)), 

for all h, h' ^ H . We then compute 

r o Soi^p pih) = r((£ K s{h)f^){plu^--ip o s^^-^f^s-^ip^) k pIu^)) 

= o S-\fS-\S{h)2f^p')rS{h)(,^^^fl,^,y,U') 

^l{p^)^i-\F')\{s-\F^)S{h\,^2)fl^^y,u^s{p^)) 

^ ^(5-i(r))/i(5-i(Fi)5(;.)25'5(9i))/x(pi)A(5-i(^^2)5(/i)igi5(p2q2)) 

™ A^-i(g-i)^(5-i(r))/i-i(a)A*(a)M-^(/3)A(5W) 
™ ^{{ii-\gUP))-^S-\r))\{S{h)) = (5(r) n A o S){^ n h), 
for all (fi G H* and h G H, where in the last equality we used Corollary 14. 131 □ 

The modular element of D{H)* is fiD — £d- Our next aim is to compute the 
modular element g ^ of D{H). To this end, we will need an explicit formula for the 
inverse of the antipode Sd of D{H) and a lemma. 

Lemma 5.7. The composition inverse of the antipode of D{H) is given by the 
formula 

S^\V Mh) = {eM S-\fh)){plS-\q^g^)^^oS^S-\p'f')xplS-\q'g')), 
for all if e H* and h £ H . 

Proof We first observe that (^1^ and (P?^ imply that 

(e IX q^hi){p\^tp^q^h2S^'^{p^) n p\) = hi^^ip n /12, 
for all f G H* and h G H. Consequently, 

(£ N q^S{P'h){plU'P'f^^^q'S{P'hS-\p') K plU'){e M f') 

= iSiP')iU^P\f'^ip N SiP%U^){s N ) 

{g'S{q'P^)P^f'^^ n g'Siq^Me n f^f^^ x 1, 
for all (/3 e H* . By the definition of So we have 

and combining these two relations we find for all G H* that 

(e K q^S(P^\)Su{S-\g')^{P''f^^^^q^S(P^)2)oSx S-\g')){s n Z^) 

equals (p x 1. As iJ is a quasi-Hopf subalgebra of D{H) it follows that S^^{e ix 
h) = e M S~^{h), for all h G H. This and the fact that S^^ is an anti-algebra 
morphism leads us to the equality 

Sjj^iif M h) = s;^\e M h)S];,\ip M 1) 



= (e N {S-\q'S{P'hg')^^ o x ^-^(^^^(pi)!^!)) 

P (£ N „ n P^S-\q'g')), 
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for all ip € H* and h e H. □ 

Lemma 5.8. Let H be a finite dimensional quasi-Hopf algebra. Then for all r Cz 
and h Cz H the following equalities hold, 

(5.16) hn ® r2 = ^i'\hip^)q\i (g) S-\h2P^)q^r2, 

(5.17) nU^ (»r2U^S{h) =riU^h(^r2U^, 

(5.18) FVi (E> S-\h)V^r2 = ^i{hl)h2V\l ® V^r2. 

Proof. (I5.16P follows since 

^''i '8) r9^~^ /tq^p}ri (g) S~^(p^)q^plr2 

^ (/^(/.ipV)! S5 5-i(/i2p')g^(/iipV)2 

= M"i(/iipi)qVi ® S-\h2p')q\2- 

(|5.17p is a direct consequence of (I3.12p while (|5.18l) can be proved with the help of 
p.l3p . We leave the verifications to the reader. □ 

In order to compute the modular element g ^ of D{H) we need a left integral T 
in D{H) and a left cointegral F on D{H) such that r(5'^^(T)) = 1. Since hd = £d 
it turns out that this is equivalent to r(T) = 1. Also note that the unimodularity 
of D{H) implies that T o S'r, = T o 

Now take T p-\S^)^X' n r' for some 7^ A' e £ and ^ r' G j" , and let T 
be defined as in (|5.13p . A simple inspection ensures that 

r o S^\r) = f,{6')fi-\6')X'{S{r))X{S{r' j) 

and since S{S^)aS'^ — S{/3) and e{g) = fJ,{f3), by Remarks 14.21 (1) we conclude that 
r o S-^^iT) = n-\a)-^X'{S{r))X{r'). Thus we have to consider A, A' and r,r' such 
that A'(S'(r))A(r') = ^-^a). 

Proposition 5.9. The modular element g^ of D{H) is given by 
g^ = fi{gl)p-'{g^)S^\pxg'2S-^{g-')) 

Proof Let A, A' G £ and r,r' G jf be such that A'(S'(r))A(r') = ^-^ia). Then, by 
the above comments, (|4.4p and (|5.3p . the modular element g^ can be computed as 
follows: 

g^=roS^\iqlX^),^iS'^X'),^S-\X') N {qlX')2Y'x'r'2P') 

p-\5')S^\ie N q'xlY')iplx'-^i5'^X')2^Y^S-\p^) n pWr[P')) 
^^{ql)X{S{qlYW2P'))X'{S{r)MY'S-\p')UpW) 
^^-'iS'MS')S^'iie N q'Y')ip n pWr[P')) 

M"'(P(2,i)^?P')^'(^W)m(9?)A(^(92'>''^'^~'(P(2,2)^2P')Q'^2^'')) 

^^'\a)''^i{l3MY^S-\p^))^i{pW)S^\{e M q^Y'){^i m Q\[P')) 
pi-\X^S-\X^P))i,-\a)-'X'{S{r)MY^S-\p')Mql) 

X{S{qlY^S-\xVm^r'2P^))S-D\{e n q'Y'){pi n Q'r[P')) 
fi-\a)-'X\S{r))^i{q!MY^S-\p^))X{S{qlY'S-\p'l3)V\'2U^)) 
Sa\{e N q^Y^){fi XI V^r[U^)) 

^,~\q'2Y2VSiY'))X\S{r)Mql)XiSiqlY^S-\qlYlp'm^r'2U^)) 
^l-\q'26'Siql))X\S{r))X o S{S-\qiS' S{ql))V\'2U^) 



J53B1 
J5.14l2.lt 
J3.9l4.11t 
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J2.iai2.8t 
]2.5l5.l8t 



In the second equahty we used Proposition [521 and the fact that F o SJ^^ = F o Sd, 
in the third one, we used the properties S{r) G J^^ and /i is an algebra map, and 
in the last equality Remarks 14.21 (i) and (15.171) . We have also denoted by 
another copy of pr. This proves the first formula for g^. For the second one we 
use the form of Sjj^ found above to compute 

^ fi{gl)fi-\g'){e m S-^g-')S-\fgl)) 

{p\S-\q'G')^^r^^S-\p'f) K plS-\q'G')) 

i^'\is-HfglW)iS-\q'G')MS-'{fglhp'f'Mgl) 

ti-\g'){e K S-'{g-'))if,-' k {S-\{fgl),p')2S-\q'G')) 
^,-\S-\fx'gl,^,^G\S-\q'G'))^-\g') 
pi{S-\F^flx^g}^^^^G')PF^flx^g\) 
(e K N S-\fx^gl^^^G^hS-\q'G')) 

ti-^{S-^{ax''<G,^)x^)li-^{S-^{g^x^<G,%S-^{q^G''))li^^{g'') 
(e K S-\g_-^))(p-' M S-\g'x^G^hS-\q'G')) 

f,{eG')fi{S{p')fqlGlG^ 

(e K S-^{g-'))i^l-' M S-\S{p^)f'qlGiG')) 



i2.8l2.14[ 



j2.17l2.8l4.13t ..,,l^l,..,^,,,lw2~2^2^2^ 



^ ^^{q'G')^,-\p')is N 5-3(g-l))0.-l N {S-\q'G')^t,-')p^), 

and this completes the proof. □ 

6. Appendix 

We will present the proofs of (j5.12p and the fact that T ix r is a right integral 
in D{H). (I5.12P can be viewed as the generalization to quasi- Hopf algebras of the 
well-known equality A(/ii)/i2 — ^{h)g, for X E C and h E H, where _ff is a finite 
dimensional Hopf algebra. As we will see, it allows us to generalize Radford's result 
[T7] that the Drinfeld double of a finite dimensional Hopf algebra is unimodular to 
quasi-Hopf algebras. 

First we compute the inverse of the Nakayama isomorphism x introduced in 
Proposition 14.11 



Lemma 6.1. x'^QA = ix{S~^{uhu-%)S-^{S-^{uhu-^)i), for all he H, where 
u is the element of H introduced in Proposition \4-3\ Consequently, 

(6.1) fi'\q^hip^)X^S-\q^h2P^) = fi-\a)fi{P)S{h)^X, 

for all X E C and h E H . 

Proof. It follows from Proposition 14.31 that 

HQ''ti£)£tip^ = A{uS{qH2P^))qHip^ 

™ ^,{s-\u)2)A{S{et2P'))q%p's-\s-\u),). 

Hence, by (j4.2l) we obtain that 

X-^h) = cf,{hS{qh2P^))qH,p^ = X{qh2P^S-\h))qh,p^ 
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^i{S-\uhu-^)2)S-\S-^{uau-^)i), 
as needed. In particular, this implies that 

s-'x-'s^{h) = ^liS-\u-'hS{h)2S-\u)2)S-'{S-'{u-'),S{h),S-\u),) 

' ^-^ ' ^=^ ' ^-^ ' ^l-\x^G^s{q^x^))^i{v^)^l{x^G^s{v^h^x^)f) 
^.^.^ s~^{x\^s{vih2X^),f^) 

' '^-''^ ' ^= ' ^-^^ ' ^Ji-\x^G^S{q^X^))^,{S-\F^Y^p^)y^)^,{x^G^S{y^h,X^)F^Y^p\) 
S-\x^q^S{y^h2X^)YVi) 

'r^frf! Kx'ms-\FWMs{y'h,x')FV)s-\y'h2x^) 

for all /i G -ff . Consequently, 

S'(/i)^A = S{h)^(P oS = {<t)^S^{h)) oS= {x'^S^{h)^(f>) o S 

finishing our proof. □ 

Proof of i|5.i2)) . Using the definitions oi qn, q^, (|2.3I) and (|2.5p we deduce easily 
that 

(6.2) X^ (g) S'(X2)giXi3 ® g2j^| = q^xl g) S'(g2a;i)a;2 g) x^. 

The Nakayama isomorphism ^cop for H'^°^^ is given by 

^eop -.H* , ^,op{h*) = h*{S-\qHiP^))qV , 

and is an isomorphism of left i7- modules with inverse f JopC*) — h-^A o S, where A 
is a right cointegral on H satisfying A{S{t)) = 1, see Remarks 14.21 (i). 
Now take h e H and h* ^ CcolW- If 9* := h* o then 

h = q*{qHip')et2P^^q*{q%p^)q%p'S-\u), 

where u is the element introduced in Proposition 14.31 Set pj^ = p^ ^p^ ^ P-^ ® P'^ 
and qn = q^ ® q'^ — 1^ and compute 

A{hS-\u-^)) = q*{qHip^)qlt^2,l)pl ® 92^(2,2)^2 

q*iq'QWW)S-\g')q^QWH2,i)Pl ® S-\g')Q^xh^2.2)Pl 
^^3PS ^(xl)g*(gl(QliiPl)ipl)5-l(g2)g2(Qii,pi),p2^(X3)/i 

®5-l(5l)02t2p2^(X2)/2. 

This equality is equivalent to 

{S-\f) S-\n)A{hS-\u-')){g^ 

= ^i{X')q*{qHQ'hP')lp')q\Q%P%p''SiX^) ® g2t2p25(^2)^ 

Applying A g) Idjj to this formula, we find 

X{S-\f){hS-\u-^)WS{h'))S-\.n{hS-\u-^))2g^ 

= A^(Xi)g*(gi(Q4iPi)ipi)A(q2(g4iPi)2p2^(/,'x3))Q2i^p2^(^2) 

^ ^iix'X')q*{q^x''h'^X|p^)X{S-\e)Q'tlP'Six^h[Xfp^))Qh2P^S{X^). 
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We know that h* = CcopC^) = h^^°S, hence q* = {h^AoS)oS-^ = A^S{h). By 
Proposition 14. 31 we have that A = (A o 5*^^)^^^^, hence g* = (A o S^^)^u^^ S{h), 
and this imphes that 

X{S-'{.f)ihS-\u-')WS{h'))S-'{n{hS'\u-')hg^ = ^iix'x') 

\{S-\q^x^h'2Xlp^)hS-\u-^))X{S-H.q^)Q^tip^S{x^h[Xfp^))Qh2p''S{X^). 

Since u is invertible it follows that 

X{S-\f)h,g^S{h'))S-\nh2g^ ^ p{x^X^)X{S-\ex'h',Xlp^)h) 

XiS-\q^)Qhip^Six^h[Xfp^))Q%p^S{X^) 
/i(a:iXigi5(x2ft'(,2)X(\2)pi)/i)A(5-i(g2a;3/^'2X3p2)/,) 

X{S-\e)Q%p')Q%p'S{X^g^S{xlh[,,^Xf,,^pl)f) 

XiQhip')QH2P^SiSiiqW)iy'h[p^)f) 
A(5-i(g'2/'(a:i/i'2p2)2P2)/i)A^(5(G^5(gix})2g1y^(xi/i'2p2)iPi)/i) 

^^{G'Siq'xl)x^)S~\g-')SiSiGlSiq'xl)^qly'xlh[p^)f) 
M(Gi5(<z^a;i)x2)^(5(G2525(Xi<zix[i^i))gi(Q'^l^2/i2P')i^')/') 

A(5-l(g2(Q2^3^3^/^2)^p2)/^)^-l(^-l) 

^^^^ S{S{Glg'S{X\lxl,^)Q^Xfxlh[p^)f) 
™i™ ,.-\a)M/3)MG^^(g^(yix^)2)2/]x^)M5(G^ff^5(Q^gJ(yi:.^)(M)))/^) 



j3.19l2.8i 

J2.28i:^.20t 
J2.li3.19i 
J4.4l2j9l6.2i 

j2.8l2.29i 



]2.27l2.14i 
j2.8l2Jl3.5i 



A(/.5(y3a:3;^'2p2))5-i(g-i)5(5(G25i5(Q25i(yia;i)(i2))y2x?/ilpi)/2; 

A(/i5(y3a;3/i^p2))^-l(^-l)^(^(5.2^lG2^((^2j^l)^)p2y2^2/^,^l)^2) 

/i-i(a)/i(/3V(/i)M^(y')i>^'t/^?:^')M-'(^(y')(2,2)>^'^') 

A(/i5(y3a;3/j^p2))^-l(^-l)^(^(^(yl)^^^^y2f^ly2^2;^/pl)^2) 

fi{(3f)^i'\Y^U^a)fi{Y^Ulylx^)X{hS(y^x^h'^p^)) 

S-\g-^y^)S{S{Y'Ulylx'h',p^)f). 

Thus we have shown that 

X{S-\f)h,g^S{h'))S-\f)h2g^ = fiiPf)p-\Y^U^a) 
(6.3) M(i"'C/iy?^')A(/i5(yV/i^p2))^-i(^-ij^i)^(^(y2^iy2^2;^/^i)^2)^ 

for all /i, h' G i/. Finally, by (TTJ Lemma 3.13] we have 

x^U^ a^^C/i^U^ ® x^C/a^U^ ^ S{X^)i^i^i)UlX^ ® S'(Xi)(i,2)t/2^x3 S{X^)2U'^. 
Substituting this formula in (16. 3p and applying (|4.5l 12. 3p . we easily obtain (j5.12p . 



as desired. 



□ 



Our proof for the fact that T m r is a right integral in D{H) requires the following 
formulas. 

Lemma 6.2. Let H be a finite dimensional quasi-Hopf algebra H , h E H and 
r G . Then 

Xlx^d^S{Xl) (E) X^x^6lS{Xf)i(g) X^x^6lS{Xf)2 

(6.4) = {(3S{X^))ig^S{x^) <E> {(3S{X^))2g^S{x^)f ® x^X^(3S{x^X^)f ; 

(6.5) fV'S-\fh ® V'S-\n2 - qL ; 

(6.6) S{U^)eu!<E>eui^f ; 
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(6.7) S{p^)F^flX^ ® S{p^fX^)F^flX^ = 1 ® « , 

(6.8) V\i ® W2 = FVzp^ S'2(FVip^)a , 

(6.9) 5(p2)/Vi ® 5"i5(pi)/2r2 = /i(5(p2)/i)5(pi)/2FV2P2 ® S\V^nP^)a. 
Proof. We have 

{X'f3iWg'S{Xl) ® (Xi/3i)2^^5?Gi5(4,,2))/^ 

®X2/32x3g|G25(X(\i))/2 
(Xi/3i5')iGi5(x3X(\2)) ® (XVi.9')2G25(x2xf2_i))/i 

®X2/32g'5(a;'x3)/2 
(Xi(5i5(X|))iGi5(x3) ® {X^S^S{Xl))2G^S{x^)f^ 

®X^5^S{x^Xl)f^ 
{l3S{X^))ig^S{x^) ® (/35(x3))2g2^(a;2)/i ^ a;2xl/35(a;lJ^2)/^ 



j2.l4l2.li 
j2. 1312.81 

and this proves (|6.4I) . The equahties (|6.5I) and (|6.7p follow from the definitions of 
V and PR, and from (12.141 12. 15^ . The verification of all these details is left to the 
reader. We show now (16. 6p by computing 

S{U^)q^Ul ® ifUi^S{Q\p^)q^Q\^^^)plS{Q^)^ ® eQl2,2)PlS{Q^)2 

^ S{p')eplsm,®QW2Sm2 

= smf^sm^ ® Q'smf'si&h 

^ S{&)f'®Q'S{Qlp')f^^f. 

In the third equality we have used the second equation in (|4.11l) . applied to H^°p, 
namely q^pl ® ^(p')g'p? = Kop = Sip')f^ ® Sip^)f\ 

In order to show (|6.8p . notice that (j4.10l) and (j4.3l) imply that 

As we have already observed, (|4.1ip guarantees that A{r)U = A{r)pR, and so 
V'ri®g-'V'r2^V'r,qy®g-W\2q'2p'S{q^) 

= V\ip^ (g) g-^V^r2P^a = V^r2P^ ® S'2(y Vipi)a , 
as required. Finally, we have 

S{p')£ri®g-'S{p')f\2^f^-\g')q'nr^S-\9')q\2 
^ ^,-\g'Me)ev'r, S-\9')V\2 

^ KS{g')q'gl)f9iv\,^g-W\2 

™^ M(^(P')/')5(P')/'V^'^2P' ® ^^(^i^^pi)^^ 
proving (|6.9p . This makes the proof complete. □ 

We are now ready to prove our final result, stating that the Drinfeld double of a 
finite-dimensional quasi-Hopf algebra is unimodular. 

Proposition 6.3. If H is a finite dimensional quasi-Hopf algebra, r £ 
and 7^ A G £ then T — /i~^((5^)(5^^A m r is a non-zero right integral in D{H). 
Consequently, D{H) is a unimodular quasi-Hopf algebra. 

Proof. By the definitions of and pji, and the axioms (|2.3l 12. 5p we obtain that 
(6.10) (g) x^S{xIp^) ® xlp^ = XIp^ (g X^p^S{X^) g) X^. 
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Now we can prove directly that T is a right integral in D{H): for G H* and 
h G H, we compute that 

N h)^^{y'Xlx'S'S{Xl)^\^S-\f)){yHx',xHlS{Xf),), 

^^-r/jj^^^S-^f'x'x'SlSiX'M) K yHx',x'SlS{x!),hr^,,,^h 



J6.4I2.H 
i2.8l2.14t 

i2.8l2.l3i 

Km 

]2.3l2.20[ 
]6.1Ul2.1[ 

j3.9l2Jl2.1[ 

j:j.l8l2.3[ 

J2.ll5.l_4l2.18t 

t2.[m.p\'2.H\ 
J6.9I2.81 



]3.9l5.l8[ 
]3.5i2.16[ 
J3.9l6jl3.10i 

J2.26i2.1[ 



{(3S{X^))(,,,^glG'S{x'y')^X^S-\¥^Mf3S{X^)\,^,) 

glG^Sixly')F'flr^,^,^^ip^S-\¥'X'l3Six'X')fr2)) 

K {pS{X')hg'S{xly')F'f^r^,^2)h 
iiS'SiXl)),G'S{x^y^)^\^S-'{¥^Md'SiXl))2G^ 

Sixly^)F'flr^,,r)^ip^S-\¥'X'pSix'X^)fr2)) 

M 5^S{x\y^Xl)F^flr^^^2)h 
^{S-\gr^z\t^X^fiS{x^X^)fr,)S{xly^S{Ul\J^zhlxlylp^)¥^) 

F^flras)) fi(J3¥^)fi-\UllJ^a)ii{U^zlt^) 6^S{zhlxlylp^Xl)^X 

K S^S{xly'Xf)F'f^r(^,^2)h 
^{S-'{g-'zlt'X'pS{YY,x'X')fr,)S{Y'y'S{U!\J'zhlyfp')¥') 

F'flnui)) Kl3^')^^-\UilJ'a)^l{U'zlt') S'S{zhlylp^x^Xl)^X 

K S^SiYY,x'Xf)F'f^r(^,^,jh 
ip{S-\g-'zh'X'(3S{Y'plx'X^)fr2)S{YVS{UfV'zhl)¥^) 

^^Vi^^Ci,!)) n{l3TP^)f^^\UllJ^a)fi{U^zhl) 6^S{t^x^X^)^X 

X S^S{YV2X^Xf)F^f^r^,^2)h 

v[s-\g-'zh'x'(3S{Y\zltl^,)p'),x'X^)fr2) 

S{Y'zltl^2)P'S{U!V'zhl)¥')F'flr^^^,)) ^i{^3¥')^,-\UiV'a) 

H{U^) 5^S{t^x^Xl)^X M S^S{Y^{zftf^^^^p%x^Xf)F^f^r^i^2)h 
^{S-\g-^z^X^l3S{Y\zy)iX^)fr2)S{Y^zyS{U^lJ'z^)¥^) 

F^flrns)) ^l{^3¥')^l-\U^lJ'a)^l{U') 6'^X 

K S^SiY^{zy)2X^)F'f^r^,^2)h 
ip{S-\g-'z'X'pS{zlfX^),fr2)S{{zit^Xf)2P^S{UiU'zh^Xl)¥^) 

F^flra.i)) ^l{^3¥')^l-\u|lJ^a)^l{U') s'^x 

K S^Siizjt^Xf),p')F^f^r^,^2)h 
ip {S-\i^S{p^)fr2)S{p^S{Ul\5^)¥^)F\S{p^)f\,),) ti[fi¥^) 

l,-'{UiV^a)fi{U') S'^X K S^S{p')F^{S{p')fn)2h 
ip{S-\a)S{p^S{V^)¥^S{U^)2V^riP^)F^{S{P^)fV^r2P^)i) 

f,{S{P^)fUP¥^)fi-\U^aMS{U%) S^^X 

X S^S{p^)F^{S{P^)fV^r2P^)2h 
fi{l3¥')fi-\P)fi{a)^{S-\a)S{p''S{U^)¥^V^nP^)F\V\2P^)i) 

H-\V^a) S^^X N S^S{p^)F\V^r2F^)2h 

^l-\V^)^{S-\a)S{p^S{lJ^)erl¥^)F\er2P^h) 

S^^X M S^S{p^)F^q^r2¥^)2h 
p{S-\a)S{p^fX\r,p%P^)F'flX\TY)2P^) 

5^^X M S^S{p^)F^flX^r2P^h 



INTEGRALS AND COINTEGRALS 



29 



ip{S-'^{a))e{h)^-\6^)^X Mr = eoiv x h)T n r, 
as required. This finishes the proof. □ 
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ON INTEGRALS AND COINTEGRALS FOR QUASI-HOPF 

ALGEBRAS 
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Abstract. Using the theory of Frobenius algebras, we study how the antipode 
of a quasi-Hopf algebra H acts on the space of left and right integrals and 
cointegrals. We obtain formulas that allow us to find out the explicit form 
of the integrals and cointegrals for the Drinfeld double D{H), in terms of the 
integrals and cointegrals of H. This leads to an answer to a conjecture made 
by Hausser and Nill at the end of the nineties. 



1. Introduction 

The main aim of this paper is to give an answer to the fonowing conjecture raised 
by Hausser and Nill in : if A is a non-zero left cointegral on a finite dimensional 
quasi-Hopf algebra H and r is a non-zero right integral in H then xi r is a 

non-zero left integral in the quantum double D{H) of H , at least if H is unimodular; 
moreover, D{H) is always a unimodular quasi-Hopf algebra. Here /3 and a are the 
distinguished elements of H that appear in the definition of the antipode S of H. 

It was shown in [U Theorem 6.5] that the Drinfeld double D{H) is unimodular. 
This goes in two steps: first it is shown that D{H) is a factorizable quasi-Hopf 
algebra, and then it is shown that every factorizable quasi-Hopf algebra is unimod- 
ular. A categorical version of this result was given in [5], where it was shown that 
a factorizable braided tensor category is unimodular. Anyway, in the quasi-Hopf 
algebra case this braided monoidal approach was necessary because an explicit de- 
scription of an integral in D{H) was not available at that time. We will provide 
such a desciption: we will show that /i~^((5^)(5^— xi r is a left and right integral 
in D(H), where /x is the modular element of H* and (g) (5^ is a certain element 
in H (E) H introduced by Drinfeld in [6|, see (|2.10p . When H is unimodular we 
have that fi~^{S^)S^ = /3, and therefore the conjecture of Hausser and Nill is true 
in this case. Furthermore, using the Maschke theorem from [TB] we obtain that 
D(H) is semisimple if and only if H is semisimple and admits a normalized left 
cointegral, that is a left cointegral X on H satisfying X{S~^{a)(5) ^ 0. This im- 
proves [m Corollary 8.3]. Furthermore, we will describe explicitly the form of a 
left or right cointegral on D{H) in terms of certain integrals and cointegrals for H, 
and then it will come out that D{H) has a normalized left cointegral if and only if 
H is semisimple and H has a left normalized cointegral, if and only if D{H) is a 
semisimple algebra. In particular, this gives a partial answer to a conjecture in [5]. 

A first question that we will deal with is the following: what is the appropriate 
notion of a right cointegral on HI In classical Hopf algebra theory, this is a left 
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cointegral on H'^°p or iJ°P'Cop^ ^j^^ opposite, respectively the opposite, co-opposite 
Hopf algebra associated to H. However, if is a quasi-Hopf algebra, then the 
notions of left cointegral on H'^°p and H°P''^°p are different, and we have to decide 
which choice is the appropriate one. We have chosen the "cop" -version, motivated 
on one hand by a result of Pareigis [TS] that was recently updated by Schauenburg 
[18j , and on the other hand by explicit formulas that we obtained in Proposition l3.2l 
This allows easy characterizations for an element of H* to be a left or right cointe- 
gral on H. Roughly speaking, these characterizations tell us that it suffices to check 
the definining condition of a cointegral on a non-zero left integral in H, rather than 
on all elements of H. As an application, we are able to compute the space of left 
cointegrals of H{2) and H±{8), two quasi-Hopf algebras that have been introduced 
inH. 

The spaces of left and right cointegrals on H, L and 7?., are one-dimensional, 
and therefore isomorphic. In Section [H we construct explicit isomorphisms, using 
the antipode S of H* or its inverse. We use techniques coming from the theory of 
Frobenius algebras, as developed in [T^KTH]. The results can be applied to compute 
the space of right cointegrals on the quasi-Hopf algebras H(2) and H± (8); moreover, 
we find some new formulas for the fourth power of the antipode of H in the case 
where C = TZ. The images of left and right integrals in H under the antipode and 
its inverse will be presented in Proposition |4T2l Our final result is a description of 
the modular elements of D{H) and D{H)* in terms of the modular elements of H 
and H*. 

We end our introduction with a philosophical note. Although the definition 
of quasi-Hopf algebras is - essentially - very natural, the explicit formulas and 
computations are often quite technical. In order to streamline the storyline of this 
paper, we therefore have decided to move some of the more technical computations 
to an appendix. Section [SI 

2. Preliminary results 

We work over a commutative field k. All algebras, linear spaces, etc. will be over 
k] unadorned ® means ®k- Following Drinfeld [IT , a quasi-bialgebra is a four-tuple 
(i/. A, £, <I>) where H is an associative algebra with unit, $ is an invertible element 
in H (S) H (E) H, and A : H ^ H ® H and e : H ^ k are algebra homomorphisms 
satisfying the identities 

(2.1) (Idff ® A)(A(/i)) = $(A Idj/)(A(/i))$-\ 

(2.2) [IdH ® e)(A(/i)) = /i , {e® Idi/)(A(/i)) = h, 
for all h £ H , where <& is a 3-cocycle, in the sense that 

(1 (g) <^){ldH «) A (g) Id/f)($)($ » 1) 

(2.3) {Idn ® IdH ® A)($)(A ® Idn <8) IdH)($), 

(2.4) (Id®e(g)Idif)($) = 1 (g) 1. 

The map A is called the coproduct or the comultiplication, e the counit and $ the 
reassociator. As for Hopf algebras we denote A(/i) = /ii g) /12, but since A is only 
quasi-coassociative we adopt the further convention (summation understood): 

(A (g) Idff)(A(/l)) = (g /l(i,2) g) /l2 , [IdH ® A)(A(/l)) /li (g /l(2,i) g) /l(2,2), 

for all h ^ H . We will denote the tensor components of $ by capital letters, and 
the ones of <I>^^ by small letters, namely 

$ = a:^ g) a:^ g) a:^ = (g (g = g) ^ = • • ■ 
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of 
the algebra H and elements a, P G H such that, for all h G H, we have: 

(2.5) S{hi)ah2 = e{h)a and /ii/35(/i2) = e(/i)/3, 

(2.6) X^(3S{X'^)aX^ = 1 and S{x^)ax^ (3S{x^) = 1. 

Our definition of a quasi-Hopf algebra is different from the one given by Drinfeld 
[B] in the sense that we do not require the antipode to be bijective. In the case 
where H is finite dimensional or quasi-triangular, bijectivity of the antipode follows 
from the other axioms, see |2^ and 3 , so that both definitions coincide. 

For later use, we now recall some examples of quasi-Hopf algebras; they appeared 
for the first time in [7], and can be considered as the first explicit examples of 
quasi-Hopf algebras. The integral and cointegral theory that we will develop will 
be applied to these examples. 

Example 2.1. For k a field of characteristic different from 2, let H{2) — kC2, 
where C2 is the cyclic group of order two generated by an element g. Since H(2) 
is commutative it can be also viewed as a quasi-Hopf algebra with reassociator 
$ = 1 — 2p_ (^P-, antipode defined by S{g) = g and distinguished elements 
a = g and P — 1. Here — ^{1 — g). 

Example 2.2. Consider k a field that contains a primitive fourth root of unit i 
(in particular, the characteristic of k is not 2). Let H±{%) be the unital algebra 
generated by g, x with relations g^ = 1^ x'^ = Q and gx = —xg, and endowed with 
the (non-coassociative) coalgebra structure given by the formulas 

^(5) =5 '815, s{g) = 1, A{x) = X ® {p+ ±ip^) + I <^ p+x + g p^x, e{x) = 0, 

where p± = ^(1 ± 17). Then H±{8) are 8-dimensional quasi-Hopf algebras with 
reassociator $ = 1 — 2p_ (g) p_ antipode defined by S{g) = g and ^(a;) = 

—x{p+ ± ip-), and distinguished elements a = g and /S — I. 

More examples of quasi-Hopf algebras can be obtained by considering the op- 
posite or coopposite construction. More precisely, if = (iJ, A, e, $, 5', a, /3) is a 
quasi-bialgebra or a quasi-Hopf algebra then iJ°P, H^°p and H°P''^°p are also quasi- 
bialgebras (respectively quasi-Hopf algebras), where "op" means opposite multipli- 
cation and "cop" means opposite comultiplication. The structure maps are given 

by $op = $cop = $op,cop = Sop = S-cop = (5op,cop)-^ = S-\ 

Q!op = '5'"^(^), ^op = S^^{a), acop = S^'^{a), /3cop = S^^{l3), aop,cop = P and 

op, cop — 

The axioms of a quasi-Hopf algebra imply that eoS — e and e{a)e{f3) = 1, so, by 
rescaling a and /?, we can assume without loss of generality that e{a) — e(/3) — 1. 
The identities (|2. 2112. 41) also imply that 

(2.7) (e (g) Uh ® Id/i-)($) = {Uh <E> Uh ® £)($) = 10 1. 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. 
For a quasi-Hopf algebra, we have the following statement: there exists an invertible 
element f = ® P G H ® H , called the Drinfeld twist or gauge transformation, 
such that e{f^)P = e{P)p = 1 and 

(2.8) /A(5(/^))/-i = {S® ^)(A™P(/^)), 

for all h E H. f can be described explicitl y: first we define 7, (5 G 7J eg) iJ by 

(2.9) 7 = S{x^X^)ax^Xf ® S{X^)ax^ Xl^^S{X^xl)aX^x^ ® S{X^x\)ax\ 

(2.10) 5 = Xlx^/SSiX"^) ® X^x^l3S{X^x'^)^^^^x^(3S{xlX^) x^ X^ l3S{xlX^). 
With this notation / and /^^ are given by the formulas 

(2.11) / = (^®5)(A°p(.t1))7A(x2/35(x3)), 
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(2.12) = A(S'(xi)ax2)5(5(g)S')(A™P(x3)). 
Moreover, / satisfies tlie following relations: 

(2.13) /A(a) = 7 , A(/?)/-i = ,5, 

(2.14) fX^ (g> F^flX"^ ® F'^f^X^ = S{X^)f^Fl (g) S{X^)fFi (g> SiX^)F^, 

(2.15) g'Sig^a) = p , S{pf)f - a , ff3S{f) = S{a), 

where we have denoted f = ® p = F^^ ® F"^ and /^^ = ® g^ as elements in 
H ® H . The proof of these equations can be found in 6 and [1, Lemma 2.6]. 

We will need the appropriate generalization of the formula hi ® h2S{h^) — h®l 
in classical Hopf algebra theory. 

Following [21 [TU] , we define 



(2.16) PR = ^ x'^ ®x^(3S{x^), 

(2.17) qn, = = X^ ®S-^{aX^)X'^, 

(2.18) PL = p^ ®p^ ^ X'^S-^{X^13)®X'^, 

(2.19) (?L = q^ ® q^ = S{x^)ax'^ ® x'^ . 
For all /i 6 iJ, we then have 

(2.20) A{hi)pR{l®S{h2)) = PR{h®l), 

(2.21) (l®5"i(/i2))teA(fti) = {h®l)qR, 

(2.22) A(/i2)PL(^"H/ii)«'l) = PL{l®h), 

(2.23) (5(/ii) ® 1)(?lA(/i2) = {l®h)qL. 
Furthermore, the following relations hold 

(2.24) (l«.5-i(p2))q^A(pi) = 1®1, 

(2.25) A(gi)pi^(l0 5(g2)) = 

(2.26) (5(pi) l)gLA(p2) ^ 10 1, 

(2.27) A(g2)p^(5-i(gi)0l) = 1 ® 1. 
We also have that 

x^p\p^ ® x'^pIp'^ ® 

(2.28) = xy x\2^i)plg^S{x^) ® x}2^2)pW S{x^), 

q^Q\x^ ®q^Qlx'^®Q'^x^ 

(2.29) = q^Xl ® S-\pX^)qlXl^,) ® S-\fX')qiXl,^^), 

x^p^ x'^pIP^ ® x^pIP"^ 

(2.30) = X(\i)pi5-i(^'g') S5 X(\2)pi5-i(X^5') ® 

(2.31) = 5(x2)/iqix3i 1) ® 5(xi)/2qix3i 2) ® 



3. Left and right cointegrals on a quasi-Hopf algebra 

Hausser and Nill JJJ have introduced the notion of left integral on a finite 
dimensional quasi-Hopf algebra H. They define the space of left cointegrals C on H 
as the set of certain coinvariants associated to the quasi-Hopf _ff-bimodule H* , the 
linear dual of H. Schauenburg [18] has observed that the affiliation of H* to the 
category of right quasi-Hopf i?-bimodules is a consequence of the following monoidal 
categorical result due Pareigis [IS]- For details on rigid monoidal categories, we refer 
the reader to [HlfTl] . 
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Proposition 3.1. Let C he a coalgebra in the monoidal category C = (C, (g), a, 1, 1, r). 
(i) Let {y, Ay) be a left C-comodule admitting a right dual *V, with evaluation and 
coevaluation morphisms ev'y and coevy. Then *V is a right C-comodule, with right 
C -coaction 

*v — ^io*y {*V(S)V)^*v^ (*F(8>(C(g)F))(8)*y 

{{*V ®C)®V)®*V {*V®C)®{V®*V) 



In a similar way, if{V, pv) is a right C-com,odule admitting a left dual V* , with eval- 
uation and coevaluation morphisms evy and coevy, then V* is a left C-comodule, 
with left C -coaction 

V* ^ V* » l^'^^-l^^V* ®{V®V*) '^-'^S^'"-'^ V* ® {{V ®C)®V*) 

""•-^"'"V* ® (y ® (c V*)) {V* ^v)®{c® V*) 

We apply this general result for the case when C = h-Mh, the category of H- 
bimodules. This category is monoidal since it can be identified with the category 
of left modules over the quasi-Hopf algebra H°p (g) H. We provide the explicit 
construction of the monoidal structure on hM.h- 

• The associativity constraints aM,N,p ■ {M ® N) ® P ^ M ® {N ® P) are 
given by 

(3.1) aM,N,p{{m®n) ®p)=X'^-m-x^® (X^ ■ n ■ i® ■ p ■ x^)\ 

• the unit object is k viewed as an _ff-bimodulc via the counit e of H\ 

• the left and right unit constraints are given by the natural isomorphisms 

Recall that the linear dual V* of a right (rcsp. left) iJ-modulc y is a left (resp. 
right) iJ*-module via {h-^v*){v) = v*{v ■ h) (resp. {v*^h){v) = v*{h ■ v)). 
Let {vi}i be a basis of a finite dimensional iJ-bimodule V, with dual basis {v^}i of 
its linear dual V*. The left dual of VisV*, with il-bimodule structure 

(3.2) h-v* -h' = {h' (^h)-v* = v*^{S-\h') O S{h)) = S-\h')^v*^S{h). 

The evaluation morphism evy : V* (E) V ^ k and the coevaluation morphism 

coevy : k ^ V (E) V* are given by the formulas 

(3.3) cvy(w* (giv)^ v*{{S-\l3) (Ea)-v) ==v*{a-v S-\P)); 

(3.4) coevy (1) = ^(5-1 (a) (E /3) ■ Vi (g) v' = J2P ■ ■ S'^a) (g) v\ 

i i 

The right dual of VisV*, now with il-bimodule structure 

h-v* -h' = {h' <»h)-v* = v*^{S{h') O S'^h)) = S{h')^v*^S-\h). 

The evaluation ev^ : V <SiV* ^ k and coevaluation coevy : k ^ V* ®V are now 
given by 

cv'y{v* ®v)= v*{{l3 ® S-\a)) ■ v) = v*{S-\a) ■ v /3); 
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Note that the two assertions follow easily from the canonical monoidal identifica- 
tion hM-h = H'p^H-M. and the rigid monoidal structure of the category of finite 
dimensional representations over a quasi-Hopf algebra. The verification of all these 
details is left to the reader. 

Via its (quasi) coalgebra structure H has a natural (monoidal) coalgebra struc- 
ture within h-Mh- Recall that the category of right (left) quasi-Hopf _ff-bimodules 
is precisely the category of right (left) iJ-comodules within h-Mh- The explicit 
definition of these concepts can be found in [TT]. Note that a left quasi-Hopf H- 
bimodule is nothing else than a right quasi-Hopf iJ'^°P-bimodule. 

Proposition 3.2. Let H be a finite dimensional quasi-Hopf algebra, with basis 
{ei}i, and let {e^}i be the corresponding dual basis of H* . 
(i) H* is a left quasi-Hopf H-bimodule via the structure 

h-h*-h' = S-\h')^h*^S{h); 

XH.{h*) = Y.h*{S{p^)f\e,)^S-\e9^))Smf{ei)^S-\e9^)®e\ 

i 

Here p^ ~ p^ ® p^ and qL — q^ ® q^ are the elements defined in h2.18^tKJ^I . 
f = f^ ® f"^ is the Drinfeld twist from \2.11\l and f^^ = ® g"^ is its inverse from 

(a) H* is a right quasi-Hopf H-bimodule via the structure 
h-h* -h' = S{h')-^h*^S-^{h) , 

PH'{h*) = Y.h*{S-\f'p'){ei)2g^S{q'W®S-\f^p^){ei)^g'S{q^), 

i 

where pr = p^ ® p^ and qR — q^® q^ are the elements presented in h2.lt 



Proof. We will prove (i), and leave (ii) to the reader. Actually, we will show that 
the structure on H* as stated in (i) is precisely the structure that we obtain after 
applying part (ii) of Proposition 13.11 in the case where C = hM.h and V ~ H . 
Consider H as a, bimodule via multiplication. As we have already mentioned the 
coassociativity of A expresses the fact that iJ is a coalgebra within hMh, and so a 
right ff-comodule in C. Since H is finite dimensional we get that H* , the left dual 
of H, is a left i?-comodule in C. By (13. 2p we deduce that the if -bimodule structure 
of H* is the one mentioned in part (i) of the statement. In order to find the left 
i?-coaction on H* we specialize Proposition 13.11 (ii) for the monoidal structure of 
hM-h, and use p.3p and p.4p to compute A^* as the following composition. 



h* '^l^" ^/i*®(/?e,5-i(a)®eO = ^eJ'(/3e,5"i(a))/i*®(e, ®eO 

i i,j 



I ^ ■ 



H* ,H,H®H* 
I ^ 



I ^ 



Y,e'WS{ylX^)e.S-\ax^Yi)){S-\Y')^h*^S{y') 

®y^X\ej)ix^Y^) ® {ylx\ej)2X^Y^ ® e') 

J2h*{S{y')ay'X\e,),x'Y'S-\Y^/3)) 
j 

ylX^{ej)2X^Y^ ® S-\ax^Yi)-^e^ ^(3S{ylX''). 
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We then have, for all h* G H*, that 



J2.l3l2.8i 
j2.9l2.1(n 

J2.1l2.5t 



]2.18l2.19[ 
]2.18l2.19[ 



i 

qlX''fhS{qlX%{e,)2S-\ax^Pl)2x''pl ® 
{h\q^xH^S{f^^^^)Xl)f\e,)^S-\-^^xlpl^^^^g^)x^p^) 

f,X^6^Siqf,^,^X!)f{e,)2S-'i^'xlpl^,y )x^l , 
Y,{h\ei3S{f^2.2)X')f\e,)iS-\ax'pf^^,y)p^) 

i 

qlX'l3S{qf^^,^X')f{e,hS-\ax'pf,^,y)x'pj 

i 

X^l3S{X^)f{e,)2S-\ax^g^)x^ Cg) 
5](/j*,5(X3)/i(e,)i5-i(xV)) 

i 

X^l3S{X^)f{e,)2S-\ax^g^)x^ ® 



as claimed. □ 
II we denote 

(3.5) U ^ 9^S{q^) ® g^S{q^) and V = S'^fp^) S-i(/V), 
then the right iJ-coaction on H* can be restated as 

PH, (h*) = h*{V\e,)2U^)e' ® V\e,)iU' - ^ e' * ft* ® e^, 

where U = '^U'^ , V = '^V'^ and * is the - possibly non-associative - muhiph- 
cation on H* given by {(p * ip)ih) = ip{V^hiU^)ilj{V^h2U^). This brings us to the 
right quasi-Hopl _ff-bimodule structure on H* introduced in pJJ . The coinvariants 
under this coaction are called left cointegrals on H. A G H* is coinvariant, i.e. a 
left cointegral, if and only if 

(3.6) \{V^h2U'^)V^hiU^ = n{x^)X{hS{x^))x^, 
for aU h e H, or, according to [2J Prop. 3.4 (c)] 

(3.7) \{S-\f)h2U^)S-\f)h,U^ = fi{qlx^)X{hS{qW))q^x\ 

for all h ^ H. Here /i is the so-called modular element of H*, which can be 
introduced as follows, t ^ H is called a left (respectively right) integral in H if 
ht — e{h)t (respectively th = e{h)t), for all h £ H. and J^^, the spaces of 
left and right integrals are one-dimensional if _ff is a finite dimensional quasi-Hopf 
algebra, see f^l, TP. They are also ideals of H, so there exists /x £ H* such that 

(3.8) th = fi{h)t, 

for all t G and h E H. It can be easily checked that fi is an algebra map and 
that /i is convolution invertible with inverse p,~^ = p. o S = ^ o 5^^, and that 

(3.9) hr = ^i-^{h)r, 



8 



DANIEL BULACU AND STEFAAN CAENEPEEL 



for all r £ and h £ H. Furthermore, we have that 

(3.10) ii(a(i)iJL-^(a(i) ^ ii{X^ (3S{X'^)aX'^)ii-^{S{x^)ax'^ pSix"^))^!. 

If there exists a non-zero left integral in H which is at the same time a right integral, 
then H is called unimodular. Remark that H is unimodular if and only if /i = e. 

Example 3.3. Consider the 2-dimensional quasi-Hopf algebra H{2) constructed 
in Example 12.11 It can be easily checked that t = g is both a non-zero left and 
right integral in H{2). Thus H{2) is a unimodular quasi-Hopf algebra, and fi = e. 

Example 3.4. Let H±{8) be the two 8-dimensional quasi-Hopf algebra considered 
in Example H t ^ {I + g)x^ then 

gt = g{l + g)x^ = {g + l)x^ = t^ e{g)t , and 

xt = x{l + g)x^ = {x + xg)x^ ^ {x — gx)x^ = (1 ^ 9)^^ = = e{x)t, 

and so i is a non-zero left integral in i?±(8), because g and x generate H±{8) as 
an algebra. In a similar way it can be shown that r = (1 — g)x^ is a non-zero right 
integral in H±{8). Since the characteristic of k is different from 2 it follows that 
H±{8) is not unimodular. It can be easily seen that the modular element of H±{8)* 
is given by the relations /i(l) — 1, ^J.{g) = —1 and I-J,{x) = 0. 

The space of left cointegrals on a finite dimensional quasi-Hopf algebra H is 
denoted by C. It is proved in [TT] that L®H and H* are isomorphic as right quasi- 
Hopf ff-bimodules; the functional corresponding to \®h G C®H is \-h = S{h)^\. 
From this isomorphism, it follows easily that C is one-dimensional. 

Now we introduce right cointegrals. We consider the quasi-Hopf algebra 
and observe that 7cop — [S^^ ®S^^){"f), and so /cop = [S^^ ®S~^){f). It is easily 
seen that (pfl)cop — '■— P21 and ((?_r)cop = 9^ ® := 921- Otherwise stated, 

the left quasi-Hopf i7-bimodule structure of H* can be obtained from the right one 
by replacing H by H'^°p. This is why we propose the following. 

Definition 3.5. A right cointegral on a finite dimensional quasi-Hopf algebra H 
is a left cointegral on H'^°p. 

The space of right cointegrals on H will be denoted by TZ. Since H'^°p is also a 
finite dimensional quasi-Hopf algebra all the above results for left cointegrals can 
be restated for right cointegral. For example A G H* is a right cointegral in H* if 
and only if 

A{S{p^)fh,S-'(e9'))S{p')fh2S-\e9') = KX')A{hS-'(X'))X\ 

for all h £ H. We also have that H (E)TZ and H* are isomorphic as left quasi-Hopf 
if-bimodules, where now A corresponds to S~^{h)^A. Consequently any non- 
zero right cointegral is non-degenerate and dmikTZ = 1. 

With an eye to examples, we now provide new equivalent characterizations of 
left cointegrals. Perhaps, the easiest characterization of a left integral A on a Hopf 
algebra H is that A(t2)ii = A(t)l, where i is a non-zero left integral in H. Here 
one of the key arguments is that t generates as a left or right i7*-module. If H 
is a quasi-Hopf algebra, then H* is not associative, and we cannot consider H*- 
modules. However, we can still say that a left non-zero integral t "generates" H, 
in the sense that the map 

(3.11) e : H* ^H, £,{h*) = {h*oS)^t := h* {S{q^t2P^))qHip^ 

is bijective, cf. Moreover, ^ is a left i7- module isomorphism between H and 
if*. 
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From [TT] , we recall the relations 

(3.12) U[l ® S{h)] = A{S{hi))U[h2 «) 1], 

(3.13) [1 S-\h)]V = [h2 ® l]VA{S~\hi)), 

(3.14) qii = [g2 ® l]yA(5-i(gi)), and 

(3.15) PR = A(5(pi))C/[p2 ^ 

We will also need the following result. 

Lemma 3.6. If H is a finite dimensional quasi-Hopf algebra and fi is the modular 
element of H* then we have for all X € C and t g that 

(3.16) xiq%p'')qhip' = ^li|3)Xit)^. 

Proof. Let us start by noting that, for all h, h' E H, 

(3.17) X{q^h2P^S{h'))q^hip' = ^l[x^)X{S-^{q^)hS[x''h'^p^))q^x'^h'2p' . 
Indeed, we have 

X {q^h./S {h'))q^h,p^ 

^ A(l/2[5-i(<ji)/,5(pi)]2t/25(/i'))9'^M^-H9^)/»^(p^)]iC/'p' 
^ A(1^2[5-i(gi)/»5(/.;pi)]2C/^)g2l^M^-H9')/i^(/i'ipi)]it/i/i^p2 

^l{x^)X{S-\q^)hS{x^h\p^))ex^h'^p\ 
Specializing (I3.17P fo r h = t, a left integral in H, and h' ~ 1 we obtain 
X{qV)qh,p' ^^ix')XitS{x'p^))x'p' 



^^^^ ^{x^)^{X^|3SiX^))^^iS{x^))X{t)x^X^ = M(/3)A(t)l, 
and this finishes the proof. □ 

Theorem 3.7. For a finite dimensional quasi-Hopf algebra H and a non-zero ele- 
ment X G H* the following assertions are equivalent: 

(i) X is a left cointegral on H; 

(ii) X{q^t2p'^)q^tip^ = ^{f3)X{t)l, for any left integral t in H ; 

(iii) X{t2p'')tip' = Kl3)m^, for all t e j" ; 

(iv) X{ht2P^)tip^ ^ ^l{|3)X{t)(5S{h), for all t e j" and heH. 

Here pji, qji, U and V are the elements defined in \2.16]) . {2.11^ and \3.5\) . 

Proof, (i) ^ (ii). follows from ((3l6l) . 

(ii) ^ (i). Let i be a non-zero left integral in H. If X{t) = then X{Ht) ~ 0, 
and so Ker(A) contains a non-zero ideal, contradicting the fact that any non-zero 
left cointegral on H is non-degenerate. Thus X{t) ^ 0, and from here we obtain 
that {iJL{j3)X{t))^^ X{q'^t2P^)q^tip^ = 1. Hence, by [3i Lemma 6.2] we conclude that 
(/^(/?)A(i))^^ A, and therefore A itself, is a non-zero left cointegral on H. 

(ii) =J> (iii). The formula 

(3.18) ti ® S{t2) - qhi ® S{qh2)(3 = PqHi ® Siq^). 

can be deduced easily from (I2.24p or can be found in ^ Lemma 2.1]. It implies 
that 

X{t2p')tip' = X{qh2p')f3qh^p'^'^tx{(3)X{t)p. 

(iii) ^ (iv). By ^(LQ^ and ([33 it follows that 

(3.19) tip^h ® t2P^ = n{hi)tip^ ® t2P^S{h2), 
for all h E H. By % Lemma 3.3] we also have 

(3.20) X{S-^{h)h') = n{hi)X{h'S{h2)), 
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for all A G £ and h, h' G H. We now have, for all h G H, 

X{hhp^)hp' ^ {X,S-\S{h))hp')hp'^KS{h)i){X,t2p'S{S{hh))t,p' 

= \{t2P^)hp^S{hf'^\{P)X{t)(3S{h). 
(iv) ^ (ii). We use (iv) to see that 

completing the proof. □ 

The characterizations in Theorem 13 . 71 allow to find the left cointegrals on H{2) 
and H±(8). First we have to find a non-zero left integral in H. Secondly, working 
eventually with dual bases, we have to determine the element A G H* that satisfies, 
for instance, (iii), the most simple equivalent condition in Theorem 13.71 When H 
is unimodular and a is invertible, then (iii) simplifies to X{t2)ti = X{t)/3a, because 
fi = e, and t, whic h this time is also a right integral, satis fies 

ti (g) t2^^tiqlp^ (g) t2q\p^S{q^) = hp^ ® t2P^S{a)^^tip^a ® t2P^ . 

Example 3.8. Let {Pi,Pg} be the dual basis of H{2)* corresponding to the basis 
{l,g} of the quasi-Hopf algebra H{2) from Example 12.11 Pg is a (non-zero) left 
cointegral on H{2). 

Proof. H{2) is unimodular, 13 — 1, a = g is invertible, and t = 1 + g is a left and 
right integral, see Example l3.3l So we have to find the elements A G H{2)* satisfying 
A(l)l + X{g)g = A(l + g)g. These clearly satisfy A(l) = 0, and so £ = kPg. □ 

Example 3.9. Let {Pgi^j | < i < 1, < < 3} be the dual basis corresponding 
to the canonical basis {g^x^ | < i < 1, < j < 3} of i?±(8). The space of left 
cointegrals on the quasi-Hopf algebra -ff±(8) from Example 12.21 is kP^?,. 

Proof. This time the computations are more complicated. Recall first that t = 
(1 + g)x^ — a;'^(l — g) is a non-zero left integral in H±{8) which is not a right 
integral, see Example 13.41 

Denote w := ^{1 ± i) and let oJ = ^(1 T *) be its conjugate. In order to compute 
A{t) we rewrite A(x) as 

A(x) ~ ujx ® 1 + lJx g + p+ (E) X + p^ (g gx, 

to compute that 

A(a:^) — x'^iS^g + giS^x'^ + (p+ ± ip)x ® x + (p_ ± ip+)x (g) gx, 
and then that 

A(x^) = uJx^ ®1 + Lox^ ®g± ip-x^ ®x + uJgx ® x'^ + p+ ®) x^ 
■iiip^x^ ® gx — ujgx ® gx^ — p- ®) gx^ . 

We have A{t)pii — A(a;^)A(l - g)pR. Writing $ = 1 - 2p_ ®p_ under the 

form 

3 1 

$ = -l(g)l®l-h-(l®l®5 + l(8)g(8)l-t-5(g)l®l) 

-i(l ®g®g + g®l®g + g®g®l) + ^g®g(E)g, 

one can easily see that "I>^^ = $ and that 

pj^ = x^ ® x^(3S{x^) =x^ ® x^x^ = '^{l®l + l® g + g® \ - g ® g). 

Now, using A(l — g)pB. = \ ®1 — g ® g vfe conclude that 

A(t)pjf = {ZJ + ijjg)x^ ® 1 + {ui + 'ing)x^ g ± ix^ ® x + {uJg — uj)x ® xP' 
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+1 ® x"^ ± igx^ ® gx — [ug — uj)x ® gx^ + g ® gx^ ■ 
Let now A = J^'^ij-Pg^xi be an element of H*. It follows that A satisfies (iii) in 

the statement of Theorem 13.71 if and only if coi = cn ~ C13 — 0, and the following 
relations hold 

uJci2 ~ WC02 = , wcoo + wcio = , WC02 - = and wcqo + '^c\q = 0. 

We find that cqo = C02 = cio = C12 = 0, and so A = cosP^rS. We thus have that 
L — kP^3 , as stated. □ 

Applying Theorem l3.7l to iJ'^°P, we find the following equivalent characterizations 
of right cointegrals. 

Corollary 3.10. Let H be a finite dimensional quasi-Hopf algebra and A a non- 
zero element of H* . Then A is a right cointegral on H if and only if one of the 
equivalent relations below is satisfied: 

A(g4ipi)g2i2p2 = ^-i(a)A(t)l, for ah t e 

A{tip^)t2P^ ^ /i-i(a)A(t)5-\a), for ah t e 

A{htip^)t2P^ = ^"i(a)A(t)5"^(/iQ!), for alH G and h e H. 

Examples of right cointegrals will be presented in the sequel, see Examples 14.71 
andilHl 

We end this section by recalling that in any finite dimensional quasi-Hopf algebra 
H we have 

(3.21) q^ti (g) q^t2 = q^ti (g) qH2 and rip^ (g) r^p^ = rip^ (g) r2P^ 

for all t G and r G ] the first formula appears in the proof of [4, Lemma 6.1] 
while the second one is the "op" version of it. Thus in the equivalent conditions in 
Corollary I3.10[ we can interchange qR and q^ ■ 

4. Integrals, cointegrals and the fourth power of the antipode 

In this section we present several Frobenius systems for a finite dimensional 
quasi-Hopf algebra H in terms of integrals and cointegrals. Then we will see that 
the formula for the fourth power of the antipode S proved in [11] [T^] simplifies in 
some particular situations. First we recall some equivalent conditions for a finite 
dimensional fc-algebra A to be Frobenius: 

• A and A* are isomorphic as right ^-modules, where A* is a right A-module 
via {a*^a, b) — a*{ab), for all a* G A* and a, 6 G A; 

• A and A* are isomorphic as left A-modules, where A* is considered as a left 
^-module via the action (a^a*, b) = a*{ba), for all a* G A* and a,b G A; 

• there exists a pair (0, e), called Frobenius pair or Frobenius system, with 
(f> € A* and e — e^g)e'^GA^A (formal notation, summation implicitely 
understood), such that 

ae^ (g) = (g) e^a, V a G A, and 4>{e^)e'^ = </'(e^)e^ = 1 . 

The Frobenius system {</), e) is unique in the following sense: any other Frobenius 
system for A is either of the form {(j)^d,e^ (g d~^e^) or {d^(j),e^d~^ (g e^), for 
some suitable invertible elements d, d of A. Moreover, if (-0, / = /-'^ (g /^) is another 
Frobenius system for A then 

(4.1) d = ^{e')e^ , = (/.(/i)/2 , d = x-\d) and d'^ = x-\d-^), 
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where x is the Nakayama automorphism associated to the Frobenius system (0, e). 
X is the automorphism of A uniquely determined by the equahty a^cj) = ^^xl*^); 
satisfied for ah a e A. It is well-known, see [12], that 

(4.2) x(a) = (l){e^a)e^ and x'^{a) = 0(ae2)e\ 

for all a € A. Finally, let {ai}i be a basis of A with corresponding dual basis {a*}i 

of If / : ^ ^> A* is an isomorphism of right A-modules then (/(l^),^ai ® 

■i 

/~^(a')) is a Frobenius system for A. Likewise, if / : A — >■ A* is a left A-linear 
isomorphism then (/(l^i), ^ f~'^{a'^) ® ai) is a Frobenius system for A. 

i 

We will now describe Frobenius systems for a finite dimensional quasi- Hopf alge- 
bra H . As we will see in the proof of Proposition 14. 11 one of these systems already 
appeared in |12j . 

Proposition 4.1. Let H he a finite dimensional quasi-Hopf algebra and (A,<) S 
Cx J" satisfying \{S-^{t)) ^ I. Then {Xo S'^ qHip^ (g, S{qH2P^)) is a Frobenius 
system for H with Nakayama automorphism given by xW — t^{hi)S'^{h2) , for all 
he H. 

Proof. The properties of ^ defined in p. lip show that J? is a Frobenius algebra. 
On the other hand, as we mentioned in the proof of Theorem 13.71 the unique map 
A G H* satisfying X{q^t2p'^)q^tip^ = 1 is a non-zero left cointegral on H . In terms 
of ^ this means that ^(Ao5~^) = 1, and so A o S*"^ is a Frobenius morphism for H 
with Frobenius element 

e = ^^(e*) ® e,; = q^tip^^ ® S{q%p^). 

i 

Thus (^Xo S^^,q^tip^ ® S{q'^t2p'^)) is a Frobenius system for H, where {X,t) e 

Cx is such that X{q^t2P^)q^tip^ = 1 or, equivalently, X{S~^ {q^tip^))q^t2P^ = 1. 

Therefore, all we have to prove at this moment is that giving a pair (A, t) G 
£ X such that, for instance, X{S~^ {q^tip^))q^t2P^ = 1 is equivalent to give a 
pair (A,i) eCx j" such that X{S-^{t)) = 1. Indeed, if X{S-\qHip^))qH2P^ = 1 
then applying e to the both sides we get X{S^^{t)) — 1. 

Conversely, since S is an anti-algebra automorphism of H by |12[ Lemma 3.1] 
we get that (A, q^t2P^ ® S~^{q^tip^)) is another Frobenius system for H. Note that 
this Frobenius system already appeared in [12l Lemma 3.2]. From the uniqueness 
of the Frobenius system, it follows that there exists an invertible element g in H 
such that 

(4.3) Ao5~i = X^g and qHip^ (g S{q^t2P^) = q^t2P^ ® g'^ S-\qhip^). 
Furthermore, by (14. ip we have 

(4.4) g - X{S-\q%p''))S-\qHip^) and g-^ = X{qHip^)S{q%p^). 
Thus, if A e £ such that X{S-^{t)) = 1 then 

1 = XiS-\t)) = {X^gm = Xigt) = e{g)Xit) - ^(/3)A(5-i(i))A(i) = m(/3)A(0- 

Then Theorem 13.71 savs that X{q^t2P^)q^tip^ — 1 and as we already pointed out 
this is equivalent to X{S~^ {q^tip^))q'^t2P^ = 1. 

To compute x we use the formula in (|4.2I) to obtain that 

Xih) = (j)iqh,p'h)S{qh2p')^^^{h,)<j,{qH,p')SiqVS{h2)) - ti{h,)S^{h2), 
for ail h e H, or we can make use of (|3.20p . This finishes the proof. □ 
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The element g defined in (|4.4p is called the modular element of H. Together with 
fi, it plays an important role in the structure of the fourth power of the antipode. 
An equivalent version of this formula can be easily obtained as follows. 

Remarks 4.2. (i) If (A,t) £ C x J^^ is such that X{S^^{t)) — 1, then the inverse of 
the map ^ : H* — >■ H considered in p. lip is given by ^~^(^) = o S~^, for all 
h€ H. Indeed, ^ is left i/-lincar so ^{h^X o S'^) = h^(\ o S-^) = h^{(f)) = h, for 
all h E H . Thus the couple (A, t) has also the property that t-^A o S^^ = e. 
Note also that A o 5*"^ = A^g implies that 

A o = (A o S-^^g-^) oS = S-\g-^)^X. 

Furthermore, since S{g) ~ Xo S^"^ {S{q^t2p'^))q^tip^ — ^(A o S^'^) we deduce that 

A o = C\S{g)) = S{g)^X o = S{g)^X^g. 

(ii) For all /i G -ff we have that 

(4.5) fiif)S-\h)S-\g-')S{f) = Khinf^-\h^2,2))S-'{g-')S{S{h^,^,))f), 

where, as usual, / is the Drinfeld twist defined in (|2.1ip . Observe that this equality 
can be viewed as an equivalent version of the formula for the fourth power of the 
antipode [HHH], namely 

S\^l-'^{h^^,)) = S\f-')S{g)hS{g-')SHU), 

for aU h e H. Here := fi{p)p and h*^h h*{h2)hi, for aU h* e H* and 
he H. 

To prove (|4.5p . we compute X{S^^ {h)q^tip^)q^t2P^ in two different ways. On one 
hand, by (I2.2ip we have 

(4.6) hqHi g^t2 = qHi (g) S-\h)q%, 

for aU h e H, and therefore X{S-^{h)qHip^)q^t2p'^ = X{qHip^)S-^(h)q^t2P^ = 
S-'^{h)S-^{g), for ah he H. On the other hand, 

X{S-\h)qhip')qh2P^ ^ ^i{hi)X{qHip'S{h2))q%p' 

*W fi{hi)fi{S{h2)i)X{qH,p')qh2P^S{S{h2)2) 
= ^i{hi)ti{S{h2)i)S-^{g-^)S{S{h2)2). 
Comparing the two equalities above and using (j2.8p we obtain (j4.5p . 

Another Frobenius system for H can be obtained by working with H'^°^ instead 
of H. This will allow us to find a bijection between the spaces of left and right 
cointegrals on H. 

Proposition 4.3. Let H be a finite dimensional quasi-Hopf algebra, t a non-zero 
left integral in H and let X e C and A e TZ be such that X{S^^{t)) — 1 andA{S{t)) = 
1, respectively. Then u :— fj,{V^)S'^{V'^) is invertible in H and X o 5"^^ — K-^u. 
Consequently the map C TZ sending X to Xo S~^-^u~^ is a well-defined bijection. 

Proof. Applying Proposition 14.11 with H replaced by H'^°p, we find that (A o 
S, (ft2P^®S~^{q^txp^)), with A the unique right cointegral on H such that A(5(i)) = 
1, is a Frobenius system for H. By [121 Lemma 3.1] we have that {A^q^tip^ (g) 
S{q^t2P^)) is also a Frobenius system for _ff'^°P, and therefore for H as well. Now, 
we know that the Frobenius systems (A o S~^,q^tip^ (g S{q^t2p'^)) and (A, q^tip^ (g 
S{q^t2P^)) are related through an invertible element u e H satisfying 

(4.7) XoS-^ = A^u , qhip^ ® S{q%p^) = qHip^ u'^ S{qH2p'^) . 



14 



DANIEL BULACU AND STEFAAN CAENEPEEL 



In order to prove the first assertion, it therefore suffices to show that u = iJ,{V^)S'^{V'^). 
To this end, wc first apply (|i?T|) and obtain that u = \{S^'^{q^tip^))S{qH2P^). Us- 
ing (|2.15p we compute 

^^■W^ ^ fX'glG^aS-\X'glG')(g>fX'g^ 

f'glG'S{X-)aX^S-\g') « fglG^SiX') 
™^ S{q^S-\g%)S-\g') ® S{q'S'\g%l 

where f = ® p = F'^ ® and f-^ ^ g^ g^ ^ ® G^ . From ((2:20| it follows 
that any right integral r in H satisfies 

(4.8) rip^h®r2P^ ^rip^ ®r2P^S{h), 

for all h E H. In particular, if we set r := S^^{t) G then 
hp' ® t2p' ^ 9'S{r2)fp' ® 9'Sin)fp^ 



g'S{q^S-\G%r2)S-\G') ® g^S{q'S-\G^),r^) 
n{G^)ai6'S{q^r2)S-\G') ® a2S^S{q'n) 
fi{G^)ai/3S{q^r2X^)S-\G') (g) a2X' pS{q\iX^) 
li{G^)aiPS{q^r2p'')S-\G') a2S{q\ip') 
li{G^)ail3Siq\2p''a2)S'\G') ® Siq'np') 
li{G^)l3S{q\2p')S-\G') ® S{q\ip'), 
and therefore 

qHip' (g, qH2P^ ^ il{G^)q'pS{q^r2P^)S-'{G') g> q^Siq'np') 

l,{G^)q'pS{q^r2P^e)S-\G') ® S{q\,p') 
fi{G^)S{q''r2p'')S-\G') <g S{q\ip'). 



0.9l2.12t 
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Then we compute that 

U = fi{G')X{S-HG')q\2p')S'{q'np') 

^ ^^ig'US-\g'),)\iq\2p'SiS-\g%))SHq'np') 
^ ^,{g^MS-\g%)\{q\2P^)S\q\,p'S~\g%). 

Using the fact that r is right integral in H , we find that 

and then we can finally compute that 

u ^ f,{g'e)f^{S-\g')i)S'{q'S-'{g')2) 

^» ,ig^Si.')aS-HfV.G^S^SifglG'Si.^)) 

as needed. Using (|4.ip or a simple observation, we see that 
(4.9) u-'^^,-\qlg'S{q'))S{qlg'). 

From the uniqueness of left and right cointegrals on H, it follows that the map C — > 
TZ in the statement is well-defined. Its inverse sends A g 7?. to (A-^ii) o S E C □ 

Corollary 4.4. If H is a finite dimensional unimodular quasi-Hopf algebra and S 
is the antipode of H* then S (C) — TZ. 

Proof. ^ ~ e implies it = 1, and so A o — A. Everything then follows from the 
uniqueness of left and right cointegrals on H. □ 
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Corollary 4.5. Consider {A,t) eUx /^^ such that A{S{t)) = 1. Then A o 5 = 
A^uS'^{S^^{u^^)^fj,)g^^ , where g is the modular element of H, and where we 
define h^h* := h*{hi)h2, for all h* G H* and h E H. 

Proof If {X,t) eCxJ" satisfies X{S-^{t)) = 1 then we know that XoS ^ = X^g. 
Now we write this property in H'^°^: for any couple (A,i) d TZ x J^^ such that 
A(S{t)) ^ 1, we have that A o 5 = A^g^^^ with g^^^ = A{S{q^tip^))S{q^t2P^). 
The proof is finished after we show that g^^ = uS"^ {S^^ [u^^]^ ^i)g^^ . 

By A o = A^u we get A o 5* = (A o S-^^u-^) oS^ S-\u-^)^X, so 

= X{q%p'S-\u-'))S{ft2p') 

^ Xiqh,p'S-\u-'))uS{q%p') 

^ Ai(5-l(7.-l)i)A(qltipl)u52(5-l(^-l)^)^(^2^^p2) 

as desired. Notice that g^^^ — g^^ in the case when u = 1, and this happens for 
instance when H is unimodular. □ 

Corollary 4.6. Let H be a finite dimensional quasi-Hopf algebra and assume that 
C ~ TZ. Then g = i^{P)iJ,~^{l3)~^u. Consequently, if H is unimodular and admits 
a non-zero left cointegral that is at the same time right cointegral then g — 1- 

Proof. Since dimfc£ = dimkTZ = 1 it follows that £ = 7^ if and only if £ n 7?. 7^ 0. 

Let 7^ A e £ n 7^ and i e j" such that X{S-^{t)) = 1. Then XoS'^ = A^u, 
for some non-zero A G 7?.. But A = cA for a certain c G A:, so A o 5*^^ — cX^u. We 
have fi{l3)X{t) ~ 1, hence 

1 = X{S-\t)) = cX{ut) = ce{u)X{t) = c^i-^{/3)fi{l3)-\ 

We get c = (/3)^^ and therefore, using (I4.6L we conclude that 

g^ XiS-\qh2P^))S-\qH,p') = cXiuqh2P^)S-\qH,p') 

^cXiqh2P^)s-\qH,p')u = ^l{p)^x-\pr'u, 

as stated. □ 

The above formulas tell us how to find right cointegrals from left cointegrals, 
and vice- versa. 

Example 4.7. For H{2) we have that Pg is at the same time left and right coin- 
tegral and g — 1. 

Proof. H(2) is unimodular and has the antipode defined by the identity map. Thus 
in this particular case the formula AoS'"^ = A^u reduces to A = A, and so C = 71. 
From Example 13.81 we deduce that Pg is a left and right non-zero cointegral on 
H{2), and from Corollarv 14.61 we get g = 1. □ 

Example 4.8. For H±{8) we have TZ = k{ujPx3 + cuPg^s), g = ojl + oJg and 
g^^ = lJI + Log, respectively. 

Proof. To find a right cointegral on H±{8) we compute A o and the element u. 
Then A o 5"^^^^^^ will be a non-zero right cointegral on H±{8). 

Consider the left integral t = {1 + g)x^ and take A = cP^^ with c G A: that has to 
be determined such that X{S~^{t)) = 1. Actually, since /3 = 1 we need to find that 
unique c G such that X{t) = 1 and it then follows that we should have c = 1, and 

thus A = PrS . 
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We use now (p+ ± ipJ){p+ =p ip-) = 1 to see that S ^{x) = —{p+ T ip-)x, and 

In particular, we get X{S~^{g'^x^)) — unless in the following two cases when we 
have 

X{S~^{x^)) = ±i\{p+x^) + \{p-x^) = i(l ± i) = and respectively 
A(5-i(5x3)) = TiA(p+a;3) + A(p_x3) = + 1) - . 

In other words, we have A o 5"-^ = ijjPx^ + ^Pgx"- It can be easily checked that 
/ = ~ pb in the case when H = H±{8). We conclude that u = 1, even if H is 
not unimodular. Thus ajP^a + ZUPg^-a is a right non-zero cointegral on H±{8). 

Let us finally compute g. Since /3 = 1 formula p.lSp implies q^t2P^ ® q^tip^ = 
tip^ ® ^2^2, hence g = X{S^^ {t2P^))S^^ {tip^) . By the expression of A{t)pji found 
in Example 13.91 we then obtain 

g ^ X{S-\x'))l + XiS~\gx'))g = + Ug, 

as desired. A simple inspection shows that g^^ =uJl+ ujg, and this completes the 
proof. □ 

We now investigate the relation between A o 5 and A. 

Proposition 4.9. Let t he a left integral in H and let X Cz C and A G TZ be such 
that XiS^^t)) = 1 and A{S{t)) = 1. Then v = {^i-^{g)^i{P))-^ ^i{S{p^)f^)S{p^)p 
is invertible in H and XoS = A^v. Consequently, we have a well-defined bisection 
between C and TZ mapping X to Xo S^v^^ . 

Proof. Applying Proposition 14. II to iJ°P, we find that {(t>op,q^i'ip^ ® S^^{q^r2p'^)) 
is a Frobenius system for iJ; r is a non-zero right integral in iJ, and (pop is 
the unique element of H* satisfying 4'op{S~^{(fr2p'^))q^r^p^ = 1 or, equivalently, 

4>op{q^rip^)q'^r2P^ = 1. Now set t = S{r) G and take A £ £ and A eTZ such that 
X{S-\t)) = 1 and A{S{t)) = 1. We will prove that (/.op = n-\p^)S~^{p^)^X o S. 
To this end recall from the proof of 0] Lemma 6.1] that 

(4.10) V^riU^ ® V^r2U^ - S-^q^p"^) ® S-Hq^hp^), 

(4.11) U = qlp^ (K) q\p^S{q^) and V = q^p\ ® S-^{p^)q^p\. 
From (|iTT|) it follows that 

V^riU^ ® V^r2U^ = q^plrif^ ® S-\p^)q^plr2qlp^ S{q^) 
= /i-l(pl)qVlpl®5'-l(p2)qV2P^ 
and then (|4.10p can be restated as 

At-l(pl)gVipl ® S-\p^)q\2P^ = S-^qV) ® S-\qHip^). 
Observe now that, for all h G H, 

hq\i (g) q'^r2^^q^h^i,i)ri S^\h2)q^\i,2)r2^ f^^^ihi)q^ri ® S~^{h2)q^r2. 
Since 

Ke)l^'\p')qVnp' ® S-\p^)q\2p' = fimS-\qh2P^Sm) <E> S'\q%p'), 
this implies that 

(4.12) gVipi ® q\2p'' = A*(9')?'^"'('ZW) 5-'(<7'tip'), 
where we made use of (12.271) . 
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In the proof of Proposition 14.31 we have shown that X{q^r2P^)q^rip^ = ii{q^)q^ , 
hence 

l^MS^p'WpDifpl = ^i-\p^)^i{pl)Kq^r,p')q\,p'pl 



^l-\p^)^,{pl)X{q\2P^S{pl))q\,p^ 
^ pi-\p^)\{S-\p^)q\2p')q\,p' 
= {X^t,-\p^)S-\p'),q\2p')q^r^p\ 
From the uniqueness of the map (pop it follows that 

<^op = {\^^i-\p')S-\p')) o s ^ ^^\p')s-'{p^)^x o s, 

as we claimed. By the definition of pl it is immediate that d fi^^{p^)S~'^{p^) is 
invertible in H, and therefore (XoS, q^ rip^ {q^ r2p'^)) is a Frobenius system for 
H, whenever (A, r) e £ x is such that A(r) = 1. Comparing it with (A, q^hp^ ^ 
S{<f't2P^)) we conclude that there is an invertible element v G H such that Xo S = 
A^v. In order to compute v, observe first that (|2.19p . (I2.14p and the formula 
S-HP)Pf' ^S-\a) imply 

(4.13) ® S{p^)f = q'gl ^ S-\g^)q^gl 

where, as usual, we denote = ® g^ ■ 
According to (14. ip we have that 

V =^ X{S{qH,p^))S{qH2p') 

^flf^ (A, S{p^)fS{tWS{q'))S{p^)fS{tWS{q') 

(A, S-\g^)q^{g'S{t))2U^)q\g'S{t)),U' 

^,{gl)^,'\g'){\q'S{t)2U'S{gl))q'S{t),U' 

l^{9l)l^-\9')MS{t)2U')q'S{t),U'gl 

*^zf^ ^.-\9')n{q'9l){\V^S{t)2U^)q^V'S{t),U'gl 

l^{S{g'Wgl)X{S{t)W9l 

At (*) we used that S{t) G . Now we claim that 

(4.14) S{g')q^gl ® ^91 = S{p^)f^ ® S{p')f. 
Indeed, using (I2.19P and the op- version of (I2.14p . we compute 

S(^M4,^<l'9l = S{g\G'S{x^))aglG^S{x^)f'®g^S{x')f 
^^^^ S{x^pS{x^))f^ ® S{x')f = Sip^)f ® S{p')f. 

We also have that X{S{t)) = {S-\g-^)^X)it) = fi-^{g-^)X{t) = {n-\g)n{P))-\ 
hence v = {fi-'^{g)fi{l3))-'^ti{S{p'^)f'^)S{p^)p. It is easy to see that the inverse of 
V is ~ fi^^{g)^{(3q^g^S{ql))g'^S{ql), and this finishes the proof. □ 

Corollary 4.10. Let S be the antipode of the dual of a finite dimensional unimod- 
ular quasi-Hopf algebra H . Then S{C) = TZ. 

Proof. In this case we have p, = e and therefore v = 1. □ 

For a H invertible, let Inn^ be the inner automorphism of H defined by a, this 
means that Inna(/i) = aha^^, for all h d H. 

Corollary 4.11. If H is a finite dimensional unimodular quasi-Hopf algebra then 
S'^ — Inngfg), where g is the modular element of H. Furthermore, if C = TZ then 
S"^ is the identity morphism of H. 

Proof. If H is unimodular, then fj, — s and f^j, — ^ and if, moreover, C — TZ then 
g = 1, cf. CoroUaryim □ 
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We have seen how the antipode of H* , or its inverse, acts on the space of left or 
right cointegrals. Let us now investigate how the antipode of H acts on the space 
of left or right integrals in H . 

Proposition 4.12. Ift, respectively r , are non- zero left, respectively right, integrals 
in H then 

S{t) = fi{l3)-'^i{qh2P^)qH^p'; 

s-\t) - ^l-Hg)^^{q%p')q'tlp'; 

S{r) - {^l-\g)^l{aP))-'^^-\q\2P^)q\,p'■, 
S-\r) = fi{a)-^fi-\q\2P^)q^np\ 

Proof. Consider A S £ such that A(5"i(t)) = 1, so that ^.{P)\{t) = 1. If we define 
r' — ^{t2P^)tip^ then 

r'h = fi(t2p'^)tip^h = /i(^2/i(i,2)P^5'(/i2))tift.(ia)P^ 

^^l{hl)^i{t2P^)f^-\h2)t,p' = e{hy, 

for all h ^ H. Thus r' is a right integral in H. As dinifc = 1 there exist c,c' ^ k 
such that S{t) = cr' and S-^{t) = c'r'. We have that X{S{t)) = {S-^{g-^)^\){t) = 
ti-\g~')X{t) = {f,-'{g)fim'' and 



A(r') = ^(i2P^)A(tipi)^M(5-i(/3)<Z^t2P^)A(g4i/)'pM-'(/3)A^-^£-')- 
It follows that c = (/i(/3)^-i(^))-i and c' = ^i-^{(3g-^)-\ The formulas for S{t) 
and S~^{t) now follow from these relations and p. 181) . 

Let r be a right integral, and let t = S{r). Take A G £ such that A(r) = A(5'^^(<)) = 
1. Proceeding as in the first part of the proof, we can show that t' := ^^^{q^r2)q^ri 
is a left integral, hence there exist 6, 6' € fc such that S{r) — ht' and S^^{r) = b't' . 
The formula for S^^{r) can be obtained by applying the formula for S{t) to 
As the formula for S^^{t) contains g and we do not have an analogue of g in iJ°P 
we cannot derive the formula for S{r) from the one of S^^{t). Nevertheless, we can 
obtain it by computing b as follows. We have 

A(^(r)) (5-i(g-i)-A)(r) = eig-')\{r) = \{t) = m(/3)-^ 

A(t') - Xiq'r^)^i-\q\2pX{q'np')fi-\q^r2p'a) 

^ ^^{q^)Kes-\qh2P^))^i-\s-\qH,p^)a) 
= ^lm(|y{qh2P^s{e))^Ji{qH^p')^Ji-\a). 

At (*), we used p.lSp . applied to 7J°p, and = A o S^^ is the Frobenius morphism 
of H. We now use the Nakayama automorphism x oi H associated to 4> to compute 



^,{q')c^iqh2p')^iiSixiSie)))q'hp')^i-\a) 

= t,mXiS-'{qH2P^))fi-HS-\q%p')),,-'{x{S{e)))l^-'{a) 

In the last equality, we used the (obvious) identity x o 5* = 5*^ o 5*^^ , and we used 
the notation S^{h) := S{h)^^. Now we have for all /i G iJ that iJ,~^{S^{h)) = 
l2{Sih)i)ii-'^iS{h)2) = siSih)) = e{h), so A(i') = iJ,{a)tJL-^{ga), and therefore 
— b^{a)fi~^{ga). Hence 

S{r) ^ t,{af3)-^fi-Hgar'fi~\q\2)q'n = {fi-HgMa(3))-^ ^^-\q^r2P^)q^r,p\ 

and this completes the proof. □ 

Applying Proposition 14. 121 and p.lOp . we have the following result. 
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Corollary 4.13. Let H be a finite dimensional quasi-Hopf algebra. For all t G Jj^ 

and r g , we have that 

S\t) = {^,-\gUl3))-H and S\r) = {^,-\gU(3))-^r. 

5. The (co)integrals of a quantum double 

We are now able to provide explicit formulas for the integral in and the cointe- 
gral on the quantum double D{H) of a finite dimensional quasi-Hopf algebra H. In 
particular, we will see that the conjecture of Hausser and Nill holds if H is unimod- 
ular, but not in general. More precisely, if H is finite dimensional, A is a non-zero 
left cointegral, and r is a non-zero right integral, then /i~^((5^)(5^^A n r is a non- 
zero left integral (Proposition [511]) and a non-zero right integral fProposition I6.3p 
in D{H). Recall that /i is the modular element of 7?*, see p.8p . and 5 is Drinfeld's 
element, see (|2.10l) . This implies that the Drinfeld double of a finite dimensional 
quasi-Hopf algebra H is unimodular. Moreover, if H itself is unimodular, then 
IJL~^(5'^)5^ = /?, and then ix r is a non-zero left integral, proving in this case 

the Hausser-Nill conjecture announced at the end of [TT| . 

We first recall the definition and properties of D{H). In the sequel, {e^ji will be 
a basis of -ff, and {e*}^ the corresponding dual basis oi H*. = fi^Cg)- • - ^fl^ S H"^^ 
is defined by 

(5.1) n = Xl^^^jy^x^ ® X(\ 2)^2^.2 ^ x^y^xl (g> S~HfX^x^) ® S'^ifX^) , 

where / = f"^ ® P is the twist of Drinfeld defined in (j2.11D . As a vector space, 
D{H) ~ H* ® H . The multiplication is given by the formula 

(5.2) {lp n h){ilj M h) = [{VL^^ip^Vt'){Vl?h(^^^)-^il)^S-^{h2)Vt'^] n n^h(^i^2)h' , 

for all ip^ip G H* and h,h £ H, where we wrote ip txi h in place of ip (E) h in order 
to distinguish this new multiplication on H* (g) H. The unit of D{H) is e N 1. The 
explicit formulas for the comultiplication, counit, reassociator and antipode are 

Ad((p nh) = {en X^Y^){j)\x^ -^Lp2^Y'^ S'^ ij)"^) n p\x^hi) 

(5.3) ®{Xl^ipi^S-^{X^) n XiY'^x^h2), 

(5.4) eoi^ nh) = e{h)ip{S-^{a)), 

(5.5) $1) = {e n X^)(S){e n X^)®{e M X^), 

(5.6) Sd{^ nh) = {en S{h)f^){p\U^^S'\^)^pS-^{p') n p\U^), 
and 

(5.7) ao = e n a ] (5^ — e n 13. 

Herepfl, = p^^p"^, f ~ f^®P and U = U^®U'^ are the elements defined by (|2.17p , 
(12. lip and p.Sp . D{H) is a quasi-Hopf algebra and _ff is a quasi-Hopf subalgebra 
via the canonical morphism i^ : H ^ D{H), ioih) — e n h. 

Now we take a non-zero left cointegral X on H and a non-zero right integral r in 
H, and define T := ii^^{d'^)S^^X e H*, where n is the modular element of H* and 
(5 = (5^ ® (5^ is the element oi H ®H defined in (|2.10l) . We claim that T n r is a non- 
zero left and right integral in D{H). That it is non-zero follows easily from the fact 
that r is non-zero and T(r) = ^JL-^{5^)\{r5^) ^ ^l-^{e{5^)5^)\{r) = ^r'^{f3)\{r) 0, 

as £ X 9 ^f') ^ ^' {'''') G fc is non-degenerated, see Itlli Lemma 4.4]. 

The difficult part is to show that T ixi r is a left and right integral in D{H). To 
prove that it is a left integral we need the following formulas, 

(5.8) /\{hi)6{S ® S')(A™P(/i2)) = e{h)5, for all h^H, 

(5.9) YH^S{Y^)®Y'^5'^S{Yi') = l3S{p^) ® S{p^), 
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(5.10) z^p^ ®z^Pl®z^Pl = YlZ^S~^{Y^Z'^l3)®Y^Z^ ®Y^, 

(5.11) ®q^Xl® S-^{X^)q^Xl = q\x^ ® qlx^ ® . 

Formula (jS.Sp can be found in 6 , and (I5.9II5.11|) can be deduced easily from the 
definitions of (5, pl and q^,, and the axioms (12. 3p and (|2.5I) . We leave the details to 
the reader. 

Proposition 5.1. Keeping the above setting and notation, we have that T \A r is 
a left integral in D{H). 

Proof. We check this assertion by direct computation. If e H* and h <E H then 
{ip N h){T N r) 



^ ^-l(r!3/i(^ 2)<5'^((/^2)l))(f^'^14)'5''5((/^2)2)^A-f^4) ^ 1^3;^^^^^^^ 

Therefore it suffices to show that 

p-\n'^s^)x{n'^h2n''s')n''hin^ = n-\s^)x{hs^)s~\a), 

for all h ^ H . To this end, we compute 

ISili -l/vl 3 2 r2\ x / rt-1/ ^1 x^2 3\i, x^l 2 2rlN 

M (-^^22/ 2;2d )A(6 [f X X )/i2A(i_2)y 2:1^ ) 
^,~\Xly^xlS{p^))X{S-\f^X^fxl)h2Xl^,y2^^pS{p^)) 

^^2P22J ^-l(xlj^2^(^l))^(^-l(^1^2y3);^^^l^^^^yl^2^^(^2^3)) 



S-\f^X^)h^Xl^,.^y\x^ 
XWS{p^))X{S-\fX^ 
S-\fX'){hXly'S{P^))iU'P' 
Xly^S(p^))p{Xlvl){X,S-\f^){, 
S-'{f'X^){hXly'S{Xf,^,^yf,^,^plP^))^U'Xf,^^^^^^^ 



^,-\X^y'S{p^))X{S-\fxY){hXly'S{P^))2U'S{p')) 
™^M-^(^2^y^^(;5i))MX^?)(A,5-i(/i)(/^X^i5(X(\,)yf2,i)f5?^^))2C/^) 



"J V./ yv'^'-iy ^v^>-(2, 1)^(2,1)/^!'' -'>-(2,2)y(2,2)i^2'''^ 
M-'(^2'y'^(j5^))M(^^?)M(9i^')(A,/iXiyi5(<ziz^X(Vi)yf2,i)P?Fi)) 

S-\X^)q^z^Xf,^^^yf^^,^plP^ 
M"'(^2y')/^(9!4i.i)y(ia)^V)(A,/iXiyi5(giXfi^2)yfi^2)z2^2pi^ 

™™ 5-(X^),^X,^y3,3^2^2 

(A, /ig(\^i)xiyi5((qi)2(a:'y?r2)2Z3pi)}q2a;3y|y3p2 

''■"'i^"-' 'M((g2^^^)i^^^-^(g(\,2)^^^^/3)) 

{X,hql^,^zYS{{qlz%Z^y'P^))q'y^P^ 

M-'(^'(<Z2')l^'/3^(^?(?2')(24)^')) 



(A,/jzigiyi5(z|(qi)(2,2)^^2/'Fi))g^y^p2 
M-l(z2Zl/35(z?Z2))(A,/izlqlyl5(z3z3gly2pi)^^2y3p2 



^^W^ p-\z^Z^fiS{zlZ^)){X, hz^pS{zlZ^))S-\a) 
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for all h ^ H, and this finishes the proof. □ 

Corollary 5.2. The quantum double D{H) is a semisimple algebra if and only if 
H is semisimple and admits a normalized left cointegral, that is a left cointegral A 
satisfying A(S'~^(a)/3) ^ 0. 

Proof. This is an immediate consequence of the Maschke theorem for quasi-Hopf 
algebras proved in [16 . Note that, for the non-zero left integral T — /i~^((5^)5^^A ixi 
r in D{H) we have £b(T) = e{r)n-^{5'^)\{S-^(a)6^), and so eoij) 7^ if and only 
if eir) ^ and ^~^(^^)A(S'^^(a)(5^) ^ 0. But e(r) ^ implies H semisimple, and 
therefore unimodular, in which case /i~^(5^)(5^ = /3. □ 

Examples 5.3. 1) D{H{2)) is semisimple because H{2) is semisimple and the left 
cointegral Pg on H{2) found in Example 13.81 satisfies Pg{S^^{g)) ~ Pg{g) = 1. 
2) D{H±{8)) is not semisimple because H±{8) is not semisimple, cf. Example 13.41 

From [4, Theorem 6.5] we know that T = T x r is a right integral in D{H). In 
Section El we will present a direct proof, and we will also show that 

\{S-\f^)h^g'S{h'))S-\f^)h2g^ = ^l{f')^i-\UiV^a)^l{P) 

(5.12) A^(L/iyix2)A(/i5(y3a;3/i'2p2))5-i(^-iyi^i)5(5([/2uiy2^3/^;pi)/2), 

for all A G £ and h, h' e H, where [/ = C/^ t/^ = (g) is the element defined 
in p.5p . The proof can be found right after the end of the proof of Lemma 16.11 
Now we will focus on the cointegrals on D{H). In the sequel, we will identify 

D{H)* ^H(E>H*. 

Proposition 5.4. Take non-zero elements A G i2 and r G J^^ . Then 

(5.13) r = r N /i(pi)5(p2)-A-^-i(/i)5-i(/2) g DiH)* 
is a non-zero left cointegral on D{H). 

Proof. It is clear that F ^ 0. Since is a quasi-Hopf subalgebra of D{H) via in 
it follows that the elements U and V for D{H) are Ud = e v\ ® e m U"^ and 
Vd ^ £ ^ ® e n V'^ . Applying (|5.1ip to iJ°P, we have 

(5.14) X^p\ ® X^pI (g) XV = x^(E) xIp^ ® xIp^S{x^). 
Identifying D{H)* H ® H* , we compute 

F((e K V^){Xl-^ifi^S~^{X^) K XlY'^x^h2){e m t/^)) 

(e K V^i)(£ M Xiri)(p}a;i^(p2'^i^^5'~i(p2) n p\x^hi){e n i/^) 
'P ^i(5-i(F,2x3)rF(li)X^)A(5-i(/2)T/(l,)X|y3^3/,2C/^5(p2))M(pi) 
M"i(/i)(e M yiXiri)(p}a;i^(y32'^r2S'"^(p2) N p^x^/iiC/i) 

^{r)^l{s-\f')vix^)^Ji{p^)\{s-\f^)v^x^h2U^sm) 

^{r)f,-\S{X')F'flp\Mp^)\{S-\S{X')F^f^pl)h,U'S{p^)) 
£ X 5-H5(Xi)/V)/iif/^ 

^(r)^-i(/i.i)M(pi)A(5-i(FV^?/)/.2t/^5(p^)) 
e K S-HF^fixlp^S{x^))hiU^ 

™i™ ^(r)^-\/i.i)M;5i)A(F^(5-H/^.^)/.5(;5?))2C/^) 

^^^^ £ K a;3Fi(5-i(/2x2)/iS'(p2))^{/ip2 

jr;!;^ ^(r)^-i(/ixi)M-?2/V)A(5-^/^)/^5(.^y^p?))£ ^ x^y^Pl 

^ = ' ^(r)A*(pi)/i-i(/i)A(5-i(/2)/j5(p2))£ M 1 = F(^ N /j)e k 1. 
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As D{H) is unimodular the above computation shows that F is a left cointegral on 
D{H), as desired. □ 

Corollary 5.5. D{H) admits a normalized left cointegral if and only if D{H) is a 
semisimple algebra. 

Proof. For the non-zero left cointegral F defined in (|5.13l) we have 

riS^\e M a){e x /?)) = r{e n S-\a)(3) = e{r)fi{p^)fi-\f)X{S-\af')Pp^). 

Thisscalarisnon-zeroif andonly if£(r) ^ and ^(p^)/Lt~^(/-^)A(S'~^(a/^)/3p^) ^ 0. 
But, as we have already mentioned, e{r) ^ implies H unimodular, and in this 
case iJ.{p^)ii-'^{f^)\{S-^[af'^)l3p'^) = A(5-i(a)/3). Then the resuft follows from 
Corollary O □ 

Now we describe the space of right cointegrals on D{H). 

Proposition 5.6. If t ^ and A e £ are non-zero then t n \ o S is a non-zero 
right cointegral on D{H). 

Proof. Since D{H) is unimodular F o Sd is a non-zero right cointegral on D{H), 
cf. Corollarv l4.10l So it sufhces to show that F o Sd = S{r) k A o 5. Applying /i 
to the both sides of ([5TT2)) we obtain after a straightforward computation that 

M(5-i(/i)/i2ff')A(5-i(/2)/iigi5(/iO)=M-'(«r')A^(9')A^(9l'*i^^')^(^'^(9l^2P')). 
for all h,h' e H. Consequently, by (12.271) we obtain that 

fi-\eMs-\f')s{hh9')x{s-\f)s{hWs{h'e)) 

(5.15) - ^l-Hc^9-')^^m^^iq^K)xis{qih',h)), 

for all h,h' G H. We then compute 

F o Soi'P N h) = F((£ K S{h)f^){plU^^ip o S-^-^f^S-^ip^) ix pIU^)) 
V o S-\fS-\S{h)2f^p')rS{h\,^^^fl, ,^plU') 

/i(pi)A*-i(Fi)A(5-i(F2)5(/.)(i,2)/(\,2)P2t^'^(p')) 
^ ^(5-i(r))/i(5-i(Fi)5(/i)2.925(gi))/i(pi)A(5-i(^^2)5(/i)igi5(p2q2)) 
M-'(«r')^(^"'W)M((9'p2)i)^(gV)A(5((g2p2)^;,)) 

^^-\g-'MS-\r))^^\aUa)^,'^ms{h)) 

™ ^{{^^-\g)^im-'S-\r))X{Sih)) = (5(r) n A o S){v k /.), 
for all (fi e i?* and h G H, where in the last equality we used Corollarv l4.13l □ 

The modular element of D{H)* is fiD — ed- Our next aim is to compute the 
modular element of D{H). To this end, we will need an explicit formula for the 
inverse of the antipode Sd of D{H) and a lemma. 

Lemma 5.7. The composition inverse S^^ of the antipode of D{H) is given by the 
formula 

S^\V Mh) = {eM S-\f^h)){p\S-\q^g^)^^o S^S-^p^f^) ^ p\S-\q^g')), 
for all (p £ H* and h G H . 

Proof We first observe that (P^^ and (P?^ imply that 

(e IX q^hi){pl^ip^q'^h2S~''^{p'^) ix pi) = hi^ip ix /i2, 
for all (fi e H* and h G H. Consequently, 

(£ N q^S{P')^){plU'P'f^^^q'S{P'hS-\p') K plU'){e M f') 
iS{P')lU'P'f^^ N SiP%U^){s N /2) 
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for all (fi e H* . By the definition of So we have 

and combining these two relations we find for all (p G H* that 

equals (/? xi 1. As is a quasi- Hopf subalgebra of D{H) it follows that S^'^{e n 
h) = e M S~^{h), for all h £ H. This and the fact that Sj^^ is an anti-algebra 
morphism lead us to the equality 

S'^\(^ Mh) = S^^e XI h)S]j\(f M 1) 



for all (f e H* and h e H. □ 

Lemma 5.8. Let H be a finite dimensional quasi-Hopf algebra. Then for allr e 
and h E H the following equalities hold, 

(5.16) hn ®r2= pi~^{hip^)q\i ® S-\h2P^)q^r2, 

(5.17) nU^ ®r2U'^S{h) =riU^h®r2U'^, 

(5.18) FVi S-i(/i)T^V2 = M(/ii)/i2V"Vi ® F^ra. 

Proof. (|5.16p follows since 

/i?-! ■g' .r^^^^ /tq^plri (X) S^^{p^)q^p\r2 



™ gi(/.ipV)i S5 5-i(/i2p')g^(/.ipV)2 

= M^l(/lipl)qVi®5-l(/l2p')g'r2. 

(|5.17p is a direct consequence of (I3.12p while (jS.lSp can be proved with the help of 
p.lSp . We leave the verifications to the reader. □ 

In order to compute the modular element g ^ of D{H) we need a left integral T 

in D{H) and a left cointegral F on D{H) such that r(5'^^(T)) = 1. Since po = £d 
it turns out that this is equivalent to r(T) = 1. Also note that the unimodularity 
of D{H) implies that T o 5d = T o 

Now take T = ^-^{d'^j^X' n r' for some A' £ £ and 7^ r' e jf, and let T 
be defined as in (|5.13p . A simple inspection ensures that 

r o S^\r) = fi{S')fi-\5')X'{S{r))X{Sir')) 

and since S{S^)ad'^ — S{/3) and e{g) = /i(/3), by Remarks 14.21 (i) we conclude that 
r o S'^^T) = n-'^(a)-^X'{S{r))X{r'). Thus we have to consider A, A' and r, r' such 
that A'(S'(r))A(r-') = ^i'^a). 

Proposition 5.9. The modular element g^ of D(H) is given by 
= fi{gl)f,-'{g^)S^\fi^g'2S-^{g-')) 

= ^,{eg')^^-\p'){e K 5-3(g-i))(^-i K {S-\eg')-i^~')p')- 

Proof Let A, A' £ £ and r,r' e be such that A'(S'(r))A(r') = fi^^{a). Then, by 
the above comments, (|4.4p and (|5.3p . the modular element can be computed as 
follows: 

g^ = r o s^\{qlx')^^{s'^x'),^s-\x'') N (g?x2)2rVr^p2) 

fi-'iS')S^\ie N giXiyi)(p}xi-(<5i-A')2-r25-i(p2) m pix^r^pi)) 
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fi{ql)X{S{qlYW^P'))\'{S{r)MY^S-\p'))^i{pW) 

p-\x'S-\x'f3))ii-\a)-'}^{S{r)MY'S-\p')Mql) 

\{S{qlY^S-\xVm^r'^P^))SD\ie n q'Y'){pi x Q'r[P')) 
fi-\a)-'\'{S{r))^i{ql)p{Y^S-\p^))X{S{qlY'S-\p'P)V\'^U^)) 

Ai-ife'<52^(g?))A'(^(r))A o S{S-\qlS'Siqj))V\',U^) 
p-\{q'pS{q^)hg')X'{S{r))X o ^(^"^((^^/^^(g^)),^!)^^^, ^^2) 

^^igl)p-\g')^^-'ia)-'X'iSir))XoSiV\',U')S^\^, n 52'^'''iC/') 

In the second equahty we used Proposition 15.61 and the fact that T o S^^ — To Sd, 
in the third one, we used the properties S{r) G J^^ and fi is an algebra map, and 
in the last equality Remarks 14.21 (i) and (|5.17p . We have also denoted by (E> 
another copy of pi^. This proves the first formula for g^. For the second one we 
use the form of 5*^^ found above to compute 

g^ = ^,{gl)f,-\g'){e x S-'{9-')S-\f9l)) 



]5.14I2.U 
J.S.9l4.11t 

]2.1jjl2.8t 

J2.5l5.l8t 
1^ 



{pls-\q'G'y 



-S-\p^nnp\S-\q'G')) 



t^-\{S-\fglW),S-\q^G^mS-\fglhp'f'Mg\) 

ti-\g'){e X S-'{g_-'m-' x {S-\{f g\),p%S-\q'G')) 
^,-\S'\fx'g\,^,,G%S-\q^G^))^.-\g^) 
fi{S-\F^f^x'gl^,^G')PF^flx'gl) 

{a X N 5-i(/Vgi2^,)G2)25-i(giGi)) 

/i-i(5-i(aa;'Gi)xi)M"i(5-i(gix3G2)i5-^(g2G2))^-i(^2) 
(e X ^ 5-i(gi^3(g2)^5-i(^ig,i)) 

(e X N ^-I(5(p2)/lq2(s2^1)) 

and this completes the proof. □ 



i2.8l2.14[ 

j2.15l2.ll2.5i 
j2.19l2.8l4.lHf 



6. Appendix 

We will present the proofs of (|5.12p and the fact that T m r is a right integral in 
D{H). Formula (j5.12p can be viewed as the generalization to quasi- Hopf algebras 
of the well-known equality X(hi)h2 = X{h)g, for A G £ and ft, e iJ, where _ff is a 
finite dimensional Hopf algebra. As we will see, it allows us to generalize Radford's 
result [T7] that says that the Drinfeld double of a finite dimensional Hopf algebra 
is unimodular to quasi-Hopf algebras. 
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First we compute the inverse of the Nakayama isomorphism x introduced in 
Proposition HTT] 

Lemma 6.1. x'^ih) = ti{S''^{uhu-%)S-^{S-^{uhu'^)i), for all h e H, where 
u is the element of H introduced in Proposition \4.3\ Consequently, 

(6.1) fi-\ehip')X^S-\eh2P^) = A^-i(a)/i(/3)5(/i)-A, 

for all X E C and h d H . 

Proof. It foUows from Proposition 14.31 that 

^ ^,{s-'{uh)A{s{qH2p'))qH,p's-Hs-\u),). 

Hence, by (|4.2p we obtain that 

X-Hh) = cf>{hS{qh2P^))qH,p^ = X{qh2P^S-\h))qH,p^ 
X{qH2P^S-^{hu-^))qHip^ 
^ ^i{S-'{hu-^)2)X{qH2p')q%p'S-\S-\hu-'h) 
fi{S~\uhu-%)S-\S-\uau-^)i), 
as needed. In particular, this imphes that 

S-\-'S\h)^t,{S-\u-')2Sih)2S-\u)2)S-\S-\u-')^S{h)iS-\u),) 
= tl'\qWS{q')MV')KQiU2)9lS{V'h)2)S-\ql^,y,S{V'h),) 
fi-\x^G'S{q'x'))fi{V')fi{x'G'S{V,'hiX')f') 



S-\x\'S{Vih2X^)f^) 
{x^G^S{q^X^))fi{S~\F 
S-^{x^q^S{y^h2X^)Y^pl) 



^,-^ix'G'S{q'X'))^iiS~\F'Y'p')y')^iix^G'Siy'h,X^)F'YV2) 



jr^f^ Kx'ms-\FV)y'USiy'h,x')FV)S-\yW) 

' ' {f^-\a)f,m~'f,-\ehp')s-Heh2P'), 

i2.15t 

for all h E H. Consequently, 

S{h)-^X = S{h)^4) o 5 = {<t>^S^{h)) o 5 = {x^^ S^{h)^(t)) o S 
= {x'^S^{h)^X o S-^) oS = X^S-^x'^S^{h) 
= {ti-\aMf3)r^^i-\ehip')X^S-\eh2p'), 
finishing our proof. □ 

Proof of i|5.i2)) . Using the definitions of qn, q^, (j2.3l) and (|2.5|) we deduce easily 
that 

(6.2) S{X^)q^Xf (g, q^Xl = g^a;} ® S{q^x\)x'^ ® x^ . 

The Nakayama isomorphism ^cop for H'^°^ is given by 

^eop -.H* , ^,op{h*) = h*{S'\qHip'))et2P^ , 

and is an isomorphism of left i7- modules with inverse ^cJpW = h^A o S, where A 
is a right cointegral on H satisfying A{S{t)) = 1, see Remarks 14.21 (i). 
Now take h e H and h* = ^-Jpih). If q* := h* o then 

h = q*{qHip')qH2p'^q*{q%p')qh2p'S-\u), 

where u is the element introduced in Proposition 14.31 Set PR—p^®p^ — P^ ® P^ 
and qR = q^ ® q^ — ® and compute 

MhS-Hu-^)) = q*{q^hp^)qlt(2A)Pl ® qlt(2,2)pl 

^ q*{q'Q\xh,p^)S-\g^)q^Q\x\,,,-,pl ® 5-i(gi)Q2^3t(2^2)P^ 
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t^iX')q*iq\Q%P'),p^)S-\g')q^QH,P%p'S{X')f 
®S-\g^)QH2P^S{X^)f. 
This equality is equivalent to 

{S-\f) ® S-\n)A{hS-\u-^)){g^ <E> g^) 

= ^l{X')q*{q\Qh,P'),p')q\QH,P%p^S{X^) ® Q^p^six'). 
Applying A ® Idn to this formula, we find 

x{s-\f){hs-\u-')Ws{h'})s-\f){hs-\u-')W 

= p.{X^)q*{q\Qh^P%p^)\{q\Qh,P%p^S{h'X^))QH2P-'S{X^) 

We know that h* = 4Vp(/i) = /i^AoS*, hence q* ^ {h^AoS)oS-^ = A^S{h). By 
Proposition Ol we have that A = (AoS'-i)^u"\ hence q* = {Xo S^^)^u~^S{h), 
and this implies that 

X{S-\f){hS-\u-^)WS{h'))S-\n{hS-\u-^)hg' = K^'X^) 

X{S-Hq^x^h'2Xlp^)hS-Hu-^))X{S-\q^)QHip\S{x^h[Xfp^))Qh2p''S{X^). 

Since u is invertible it follows that 

X{S-'{f)hig'S{h'))S-\f)h2g' - ^i{x'X')XiS-\fx^h'2X|p^)h) 
XiS-\e)QH,p\S{x^h[Xfp^))Q%p'SiX^) 

X{S-\e)Qh,p')Q%p'S{X^g'S{xlh[,,^Xf,^,^pl)f) 

' ^•^ ' ^=^ ' ^-^ ' A(^-l(g2y3(^3/^/~2)^p2)/^)^(^(G^5(glx})2g1y^(xi/l'2p2)iFl)/l) 

X{S-\qHQ^Xlxlh',p^)2P')h)S-H9~') 

Jj™ A(/i5(y3:,3/^,^2))^-l(^-l)^(^(5.2^lG25((,2yl)^)^2y2^2/^,^l)^2) 

/z-^(aH/3V(/i)M^(y^)i>^^t/^^^)M-^(^(2/^)(2,2)>^^t/^) 

A(/i5(2/3;,3;^,^2))^-l(^-l)^(^(^(yl)^^_^^y2j;ly2^2;^,pl)^2) 

^^{Pn^^-'iY'U'a)^^iY'Ulylx')XihSiy'x'h'2p')) 
S-\g-V)S{S{Y'U^yix'h[p^)f). 

Thus we have shown that 

X{S-\f)h,g^S{h'))S-\nh2g^ = A^(/3/i)A.-i(y3^2a) 
(6.3) M(i"'C/i'y?^')A(/^5(y3a;3/,'2p2))5-i(^-ij^i)^(^(y2f;iy2^2/^,pi)^2)^ 

for all /i, h' G i/. Finally, by [TTJ Lemma 3.13] we have 
x^U^ (E) x^UfU^ ® x^C/fU^ = S{X^)(^i^i)UlX^ (g) S{X^)(^i^2)U^X^ (g) S{X%U'^. 
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Substituting this formula in (|6.3p and applying (14.51 12. 3p . we easily obtain (|5.12l) . 
as desired. □ 

Our proof for the fact that T m r is a right integral in D{H) requires the following 
formulas. 

Lemma 6.2. Let H be a finite dimensional quasi- Hopf algebra, h ^ H andr G . 
Then 

(6.4) = <E> {(3S{X''))2g^S{x^)f ® x^X'(3S{x'X^)f ; 

(6.5) fV'S-\f), ® V'S-\f)2 = QL ; 

(6.6) S{U')eU^<E>eul = f; 

(6.7) S{p')F^fiX^ ® 5(pV'^')i^Vf = 1 ® a , 

(6.8) V\i ® 3" W2 = FVzp^ S'2(FVipi)a , 

(6.9) 5(p2)/Vi ® 5-i5(pi)/2r2 - M(^(p')/')^(/)/'^'r-2P2 ® ^^(^i^^pi)^^ 
Proof. We have 

™P23 {X'M,x'g'S{Xl) (Xi/3i)2X^5?Gi5(Xf,^,))/i 

®x2/32a;3g2G25(x3 i))/2 

{X^P,g%G^S{x^Xf,^,^) ® iX'(3,g%G^Six^Xf,^,^)f 

®X^l32g^S{x^Xl)f 
™^ (Xi5i5(X|))iGi5(x3) (Xi5i^(X|))2G25(:r2)^i 

(^X^S^S{x^x!)f 

™ (/35(X3))igi5(a:3) 55 (/35(X3))2g^5(a:^)/i ^ x'X'l3S{x'X')f, 

and this proves (j6.4D . The equalities (j6.5D and (j6.7p follow from the definitions of 
V and pij, and from (12.141 12.151) . The verification of all of these details is left to 
the reader. We show now (j6.6l) by computing 

s{u')eu^ eui^s{Qy)eQi2,i^pis{Q% ® eQi2,2)Pis{Q^)2 



^ SiQlp')f^Q'SiQlp^)fVif. 

In the third equality we have used the second equation in (|4.11l) . applied to H'^"^, 
namely q^pl ® Sip^)q^pl = Feop = ^(pi)/^ ® S{p^)f\ 

In order to show (|6.8p . notice that (|4.10l) and (|4.3I) imply that 

(g)g~W2C/2 = V'^r2U^ ® S'2(T/ViC/i). 

As we have already observed, (|4.1ip guarantees that A{r)U — A{r)pii, and so 

® g-W2^T/Viqy ® g-iy2^292V^(9') 

= V\ip^ (g) g-^V^r2P^a = F^^zP^ ^ S'2(y Vipi)a , 

as required. Finally, we have 

'HUSl, -l/„l^„l„ ^ c-i^„2\„2„ 
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Smfr, ® g-^S{p^)fr2'^P^-\g')q'r, ® S-\g^)q\2 



™ ti-\9^Mq')eV\i ® S-\g^)V\2 
^ p^{S{g')q'9l)e9lV'r, ® g~^V\2 
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j6.8l4.l4[ 



proving (I6.9p . This makes the proof complete. 



□ 



We are now ready to prove our final result, stating that the Drinfeld double of a 
finite-dimensional quasi-Hopf algebra is unimodular. 



Proposition 6.3. // H is a finite dimensional quasi-Hopf algebra, ^ r E 
and ^ A G £ then T = p.^^(d'^)S^^X m r is a non-zero right integral in D(H) 
Consequently, D{H) is a unimodular quasi-Hopf algebra. 

Proof. By the definitions oi pl and pn, and the axioms (|2.3l 12. 5p we obtain that 



H 



(6.10) 



® x^S{xIp^) ® xIp^ = X{p' ® X^p^S{X^) ® X-' 



Now we can prove directly that T is a right integral in D{H): for Lp e H* and 
h E H, we compute that 

T(^ N h)^^{y'Xlx'S'S{Xl)^X^S~Hf')){y\X^xHlS{Xf),), 

^^-^I^^^S-^f'X'x^SlSiXfh)) K y'iX^xH!SiX!),hr^,^2)h 



J2.8i2.14t 
J2.8l2.13t 



Km 

J2.3l2.22[ 
J6.10I2.H 

B.m'2M2.U 

J2. 2012.31 
]2.1lft.l4l2.2()[ 
j:j.3l2.18l2.8[ 



{(3S{X^))^,^^^glG'S{x'y')^X^S-\¥'Ml3S{X^))^^^2) 

g\G^S{xly^)F^flr^,^^)^^^S-\¥^X^pS{x^X^)f\2)) 

X {(iS{X'')WS{xlv^)F^flri^,^2)h 
ii6'S{Xl)),G'Six^y')^X^S-'{¥^M6'S{Xi))2G^ 

S{xly^)F'flr^,^^)^^^S-\¥'x'f3Six'X^)f\2)) 

K S^Sixly'Xf)F^f^r(^,^2)h 
^{S-\9_-'zlt'X'f^S{x'X')f\2)S{xly^SiUiV'zhlxlyfp^)¥^) 

p(J3¥')p-\UllJ^a)p{U'zlt^) 6'S{zhlxlylp^Xl)^X 

M 5^S{xly^Xl)F^flr^,^2)h 
^{S-\g_-^zlt^X^pS{Y^y\x^X^)f\2)S{Y^y^S{Ul\5'zHlylp^)V^) 

F'flni,!)) p{l3¥')fi-\UilJ'a)p{U'zlt') S'S{zhlylp^x^Xl)^X 

X S'SiYV2x'X^,)F'f^rf^,^2)h 
^{S-'{g-'zh'X'pSiY'plx'X^)f\2)S{Y^p^S{UiV'zhl)¥^) 

F^llnis)) fi{l3¥')p-\UlU^a)p{U'zhl) 6'S{t''x''X^)^X 

K S^SiYV2X^Xf)F^f^r^,^2)h 

^(s-\g_-'zh^X^pS{Y^{zltl^^)P%x'X^)f\2) 

S{Y^zltl^2)P'S{U!V'zhl)¥')F'flr^,^,^)fi{(3¥')p-\UlV'a) 

p{U') 6'S{t''x''X^)^X M S^S{Y\zftl^,y)2X^Xf)F^f^r^,^2)h 
ip{S'\g-'z'X'(3S{Y\zy)iX^)f\2)S{Y^zlp^SiUiU'z^)¥^) 

F^flrn,!)) tJi{l3¥^)p-\Ui\J^a)p{U^) S'^X 

M 6^S{Y\zlp%X^)F^flr^^,^2)h 
ip{S-\g-^z^X^pS{zlt^X^)f\2)S{{zlt^Xl)2p'S{Ul\5^zH^Xl)¥^) 

F^flra.!)) p{|3¥')p-\UilJ'a)^l{U') S'^X 



5^S{{zlt^XlW)F^fli 



(1.2)' 



^ {S-\g_-^S{p^)f\2)S{p'S{Ul\5')¥^)F\S{p^)f\,),) ^x{p¥^) 
fi-\UlU^a)p{U^) S^^X N S^S{p^)F^{Sip^)f\i)2h 
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^{S-\a)S{p^S{lJ^)W^S{U^)2V^riP^)F\S{P^)fV^r2F^)i) 

IX S^S{p^)F^{S{P^)fV^r2P%h 
n{P¥^)fi-\l3)ti{a)ip{S'\a)S{p^S{V^)¥^V\iF^)F^V\2P\) 
^l-\V^a) S^^X M S^Sip^)F\V^r2F%h 

^l-\V^)^{S~\a)S{p^S{lJ')erlP')F\er2P^h) 

S^^X N S^Sip^)F^q^r2¥%h 
^{S-\a)S{p'fX\np'),P')F'f^X\np')2P^) 

S^^X N 5'^S{p^)F'^flX^r2P^h 
^{S-\a)S{{rip%P^)a{rip%P'') S^^X n S^r2P^h 
ip{S-\a)) S^^X M S^r^h 

ip{S-'^{a))e{h)^-\6^)^X k r = eoi^ x h)T M r, 
as required. This finishes the proof. □ 
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